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Third order differential equations and local isometric immersions of 

pseudospherical surfaces 

Tarci'sio Castro Silva Niky Karnran 


Abstract 

The class of differential equations describing pseudospherical surfaces enjoys important integrability 
properties which manifest themselves by the existence of infinite hierarchies of conservation laws (both 
local and non-local) and the presence associated linear problems. It thus contains many important 
known examples of integrable equations, like the sine-Gordon, Liouville, KdV, mKdV, Camassa-Holm 
and Degasperis-Procesi equations, and is also home to many new families of integrable equations. Our 
paper is concerned with the question of the local isometric immersion in E 3 of the pseudospherical surfaces 
defined by the solutions of equations belonging to the class of Chern and Tenenblat [3]. In the case of 
the sine-Gordon equation, it is a classical result that the second fundamental form of the immersion 
depends only on a jet of finite order of the solution of the pde. A natural question is therefore to know 
if this remarkable property extends to equations other than the sine-Gordon equation within the class of 
differential equations describing pseudospherical surfaces. In a pair of earlier papers na. ns we have 
shown that this property fails to hold for all fc-th order evolution equations Ut = F(u, u x , u x k) and all 
other second order equations of the form u x t = F(u, u x ), except for the sine-Gordon equation and a special 
class of equations for which the coefficients of the second fundamental form are universal, that is functions 
of x and t which are independent of the choice of solution u. In the present paper, we consider third- 
order equations of the form ut — u xx t = \uu xxx + G(u,u x ,u xx ), A € M, which describe pseudospherical 
surfaces. This class contains the Camassa-Holm and Degasperis-Procesi equations as special cases. We 
show that whenever there exists a local isometric immersion in E 3 for which the coefficients of the second 
fundamental form depend on a jet of finite order of u, then these coefficients are universal in the sense 
of being independent on the choice of solution u. This result further underscores the special place that 
the sine-Gordon equations seems to occupy amongst integrable partial differential equations in one space 
variable. 
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1 Introduction 

The class of partial differential equations describing pseudospherical surfaces, first introduced in a funda¬ 
mental paper by Chern and Tenenblat !3j, gives a rich geometric framework for the classification and study 
of integrable partial differential equations in one space variable. Recall that a partial differential equation 

A (t,x,u,u t ,u x ,.. .,u t i x k-i) = 0, (1) 

is said to describe pseudospherical surfaces if there exist 1 -forms 

w* = fadx + fiidt, 1 < i < 3, (2) 

where the coefficients fij, 1 < i < 3, 1 < j < 2, are smooth functions of t,x,u and finitely many derivatives 
of u, such that the structure equations of a surface of Gaussian curvature equal to —1, 

duii = UJ 3 A LO 2 , duj 2 = (jj\ A W 3 , dui 3 = UJ\ A u> 2 , (3) 

are satisfied if and only if u is a smooth solution of (|T|) for which 

ui A «2 / 0. (4) 
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It thus follows that every such solution determines a pseudospherical metric, that is a Riemannian metric of 
constant negative Gaussian curvature equal to —1, defined by 


ds 2 = (wi) 2 + (w 2 ) 2 . 


( 5 ) 


The 1-form w 3 appearing in the structure equations (J3| is then the Levi-Civita connection 1-form of the 
metric ([5]). 

The prototypical example of a differential equation describing pseudospherical surfaces is the sine-Gordon 
equation 

u tx = smu, ( 6 ) 

for which a choice of 1 -forms ([ 2 ]) satisfying the structure equations ^ is given by 

W\ = — sin u dt , w 2 = r 7 dx H— cos u dt, w 3 = u x dx. (7) 

V V 

There may of course be different choices of 1-forms satisfying the structure equations <© for a given differential 
equation describing pseudo spherical surfaces; for example, for the sine-Gordon equation (|6|, a choice different 
from the one given in ([ 7 ]) would be 


uq = cos — (da: + dt), w 2 = sin — (dx — dt), W3 = dx — -^-dt. 


( 8 ) 


In 0 , the constant 77 is a continuous non-zero real parameter which reflects the existence of a one-parameter 
family of Backlund transformation for the sine-Gordon equation and is key to the existence of infinitely many 
conservation laws. More generally one may consider partial differential equations describing pseudospherical 
surfaces with the property that one of the components fij can be chosen to be a continuous parameter are said 
to describe 77 pseudospherical surfaces. Each equation belonging to this class is the integrability condition of 
a linear system of the form 


dv 1 = -(0J2V 1 + (uq - w 3 )v 2 ), dv 2 = -((uq + W3)?; 1 - w 2 v 2 ), 


( 9 ) 


which may be used to solve the differential equation by inverse scattering p], with 77 playing the role of a 
spectral parameter for the scattering problem. It is also shown in [5] that one can generate infinite sequences 
of conservation laws for the class of differential equations describing 77 pseudospherical surfaces by making 
use of the structure equations ([3]), although some of these conservation laws may end up being non-local. 
Important further developments of these ideas around this theme can be found in m , nn, tm, hhj, m, 

m, m , ra, i, m, hh, i, m- 

One may also consider the class of differential equations describing pseudospherical surfaces from an 
extrinsic point of view, motivated by the classical result which says that every pseudospherical surface can 
be locally isometrically immersed in E 3 . One would expect the dependence of the second fundamental form 
of the immersion on the solution chosen for the differential equation to be quite complicated. However, the 
formula for the second fundamental form turns out to be particularly simple in the case of the sine-Gordon 
equation, as we now recall. Indeed, we first recall that the components a, b, c of the second fundamental form 
of a local isometric immersion of a pseudospherical surface into E 3 are defined by the relations 


W13 = aw 1 + bw 2 , W23 = bw 1 + cw 2 , 


( 10 ) 


where the 1 -forms wi 3 ,w 2 3 satisfy the structure equations 


dw 13 — W12 A w 2 3, dw 2 3 — W21 A W13, 


( 11 ) 


equivalent to the Codazzi equations, and the Gauss equation for a pseudo spherical surface, given by 


ac— b 2 = —1. 


( 12 ) 
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We recall from m that the Codazzi equations ( |11| ) may be expressed in terms of the components fij 
the 1-forms uq, uq, uq in the following form 


of 


fi\D t a + f2iD t b — fi2D x a — f22D x b — 2&A13 + (a — c)A23 — 0, (13) 

fnDtb + /21 Ac — fi 2 D x b — /22 At-c + (a — c)Ai3 + 2&A23 = 0, (14) 


where 


A ij — filfj2 ~ fjlfi2- (15) 

and where we assume [13] that 

A? 3 + A23 ± 0. (16) 

For the sine-Gordon equation, with the choice of 1-forms uq , uq and uq = w 12 given by ([8]) , it is easily 
verified that the 1-forms <^13,0223 are given by 


W13 = sin — (dx + at) = tan — uq, 

u. . u 

W23 = — cos — [ax — at) = — cot — aq- 


What is particularly noteworthy in the case of the sine-Gordon equation that the components a, 6, c de¬ 
pend only on u and finitely many derivatives of u. It is therefore a natural question to ask whether such a 
remarkable property holds for other equations within the class of differential equations describing pseudo- 
spherical surfaces, or whether the sine-Gordon equation in any way special in this regard. In m and [2], 
we investigated this question for fc-th order evolution equations 

u t = F(u,u x ,...,u x k), (17) 


and second order hyperbolic equations 


u xt = F(u,u x ), 


(18) 


and proved that there are no other equations than the sine-Gordon equation for which this property holds, 
except for some special equations for which a, 6, c are universal , that is functions of x , t which are independent 
of u. These results show that the sine-Gordon equation occupies a special position within the class of 
differential equations of the form and ( |T8| ) which describe pseudospherical surfaces. 

Our goal in the present paper is to investigate this question for the class of partial differential equations 
given by 


u t - u xxt = Xuu XXX + G(u 1 'U'X 5 ^XX ) ? ^ ^ (19) 

which describe pseudospherical surfaces under the condition of that 1-forms uq = fudx + fi 2 dt satisfy 

fpi = dpfn F Vpi dpi Vp ^ 2 < p < 3. (20) 

This class of equations, which has recently been classified by Castro Silva and Tenenblat [2j contains important 
examples such as the Camassa-Holm equation [4] 

u t - u xxt = uu xxx + 2 u x u xx - 3 uu x - mu x , m e M, 

and Degasperis-Procesi equation [6] 


Ut u xx t — uu xxx -f- ?>u x u xx Auu x . 


Our main result is the following: 
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Theorem 1.1. Except for the two families of third order differential equations of the form 


u t - Uxxt = + ip x ), 


m £ R \ {0} . 


( 21 ) 


where tp(u,u x ) fz 0 and h(u — u xx ) are differentiable functions, with h' fz 0 , and 


u t - u xxt = A uu X 


+ — [mi'll) + ip x ~ \uu x h' — (A u x + \m\u + m 2 )h], 


( 22 ) 


where X, mi, m 2 £ R, (Ami) 2 +m| fz 0, ip(u,u x ) and h(u—u xx ) are differentiable functions, with h’ fz 0, there 
exists no third order partial differential equation of type (19) describing pseudospherical surfaces, under the 


condition ( 20 ), with the property that the coefficients of the second fundamental forms of the local isometric 


immersions of the surfaces associated to the solutions u of the equation depend on a jet of finite order of u. 
Moreover, the coefficients of the second fundamental forms of the local isometric immersions of the surfaces 
determined by the solution u of ( 21 ) or ( 22 ) are universal, i.e., they are universal functions of x and t, 
independent of u. 


We see in particular the Degasperis-Procesi equation belongs to the class (22) of equations covered by 
Theorem 1 1.1 1 On the other hand, the Camassa-Holm equation is not covered by either ( |2l| ) or ( [22] ) , meaning 
that for the Degasperis-Procesi equation, the components a , b, c of the second fundamental form are the same 
universal functions of x and t for any solution u, while for the Camass-Holm equation the components a, b , c 
depend on jets of arbitrary high order of u. Theorem o underscores once again the special place that 
the sine-Gordon equations appears to occupy amongst integrable partial differential equations in one space 
variable. 

Our paper is organized as follows. In Section [2] we recall without proof the classification results of [2] 
that will be needed to prove Theorem 0 The classification splits into branches which are treated on a 
case-by-case basis in Section [3j starting from the expression of the Codazzi and Gauss equations in terms 
of the coefficients fy of the 1 -forms uq, oq, w 3 (see ©)• Finally, we carry out in Section |3.3| the 
integration of the Codazzi and Gauss equations in the cases in which the components a, b, c of the second 
fundamental form are universal functions of x and t and obtain explicit expressions for these functions. 


Third order differential equations describing pseudospherical 
surfaces 


2.2 


Let us recall from [2] without proof the characterization and classification theorems (Theorems 2.1 
2.51) of the equations ll9|) that describe pseudospherical surfaces under the hypothesis (p0[. We will use the 


following notation, also used in [3], for the spatial derivatives of u, 


a = dl 


0 < i 


Theorem 2.1. [2] An equation 


z 0,t. ~ z 2,t — XZ0Z3 + G(zq, z 1 , Z2), G 7 ^ 0, 


(23) 


describes pseudospherical surfaces, with associated 1-forms aq = fudx + f^dt, 
and differentiable functions of Zk, 0 < k < l, t £ Z, satisfying (20) if, and only 


1 < * < 3, where f z j are real 
if, fij and G satisfy 


fll,Z 0 7 ^ 0: fll,Z 0 + /ll ,22 — fi 1 ,Z B — 0, f\\,Z! — fll,Z B — 0 , S > 3, 


(24) 


fi2 — —Xzofu + <pi2, 


(25) 
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where <fe { z o, z i) are real and differentiable functions of z 3 and Zi satisfying 


— fll,z 0 G + Zi + ifi2, Zi + {p 2 (p32 — ^3022)011 + ??2032 — %022 = 0, 

i =0 

1 

—P2fll,z 0 G + ^ Zi + if22,Zi ~ (032 — 1*3012)011 + ??3012 = 0, 


i=0 

1 


“ 1*3011,Zo^ + -i+l/32, Zi — (022 — 1*2012)011 + <^2012 — 0, 

(022 — 1 * 2012)011 — *72012 7 ^ 0 . 


i=0 


(26) 

( 27 ) 

( 28 ) 
( 29 ) 


Theorem 2.2. [2] Consider an equation of type (191 that describes pseudospherical surfaces, with associated 
1 -forms u>i = fudx + fi2dt, 1 < * < 3 , where ffj are real and differentiable functions of Zk, satisfying ( 20 1 


and ( 24 )-( 29 ). Suppose that 0 > 22 — 1*2012 = 0 and P2P3P2 — (1 + p 2 )*?3 = 0 - Then the equation is given by 


Z2,t = Jj{zi^,z 0 +2 2 0 )2l 

+ m0), m £ R, to 7^ 0 , 

( 30 ) 

0n = h, 

012 = 0, 


0 21 = ph ± my/1 + p 2 , 

022 = Pip, 

( 31 ) 

03! = ±l/l + p 2 h + mp, 

032 = ±a/1 + P 2 1p, 



where X = 0 and p £ K, h(z 3 — Z2) and ip(zo,zi) are real and differentiable functions satisfying h 1 0 and 
0 t^O- 


Theorem 2.3. [2] Consider an equation of type (191 that describes pseudospherical surfaces, with associated 
1 -forms LOi = fudx + fadt, 1 < i < 3 , where ffj are real and differentiable functions of Zk, satisfying ( 20 1 


and ( 24 )-( 29 ). Suppose that <p22 — 1*2012 = 0 and 1*21*3*72 — (1 + 1*5)773 7^ 0 . Then the equation is given by 


zo,t - Z2,t = Xz 0 z 3 - y(zih + z 0 z\h! + mi-zi + m 2 z 2 ), A, mi, m 2 £ R, A m 2 0 , 


( 32 ) 


fn — h, 

/21 = ph + r), 

r _ mi(l+/J 2 

•'31 7712 TJ 


7712 


fi2 = - Xz 0 h - Xm 2 zi, 

022 = - Xpz 0 h - Xni2pzi - Xr]Zo, 
h + pp, 032 = -A^O031 - \ K(1 + P 2 ) - pv\ Zl, 


( 33 ) 


where p, 77 £ R, rj ff. 0 and h{z 3 — Z2) is a real differential function of z 0 — Z2 satisfying h' ^ 0 and 

(m 2 ??) 2 = m 2 + (mip — r/) 2 . 


Theorem 2.4. [2] Consider an equation of type (191 that describes pseudospherical surfaces, with associated 
1 -forms LOi = fudx + f^dt, 1 < i < 3 , where ffj are real and differentiable functions of Zk, satisfying ( 20 1 


and ( 24 )-( 29 ). Suppose that 0 > 22 — P2<pi 2 7^ 0 and 7*21*3*72 — (1 + i* 2 )773 = 0 - Then the equation is given by 


zo,t - Z 2 ,t = Xz 0 z 3 + — [Z 2 ip, zi + 2i0,zo + TO 10 - A zazih' - (Azi + XmiZo + m 2 ) h] 


( 34 ) 


0n = h, fi 2 = —Xzoh + 0, 

02 i = ph ± miy/ l + p 2 , 0 22 = -X pzph + pip ± m 2 \J 1 + p 2 , (35) 

031 = ±y/l + p 2 h + mip, 032 = ±\/l + 1* 2 (0 - Xz 0 h) + pm 2 , 

where p, A, mi, m 2 £ R, (Ami) 2 + m 2 0 , h(z 3 — z 2 ) and ip{z 3 ,Zi) are real and differentiable functions, 
with h! zfz 0 . 
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Theorem 2.5. [2] Consider an equation of type (191 that describes pseudospherical surfaces, with associated 
1-forms u>i = fudx + fi 2 dt, 1 < * < 3, where fij are real and differentiable functions of Zk, satisfying (201 
and (24)-(29). Suppose that <f >22 — P 2 <t>i 2 7 ^ 0 and P 2 P 3 P 2 — (1 + 7^ 0- Then the equation is given by 

(i) z 0 , t ~ z 2 ,t = A z 0 z 3 + A (z 3 z 2 - 2z 0 zx - fz i =F f) + re ±TZl ( tz 0 z 2 ± z 1 + mz 2 ) <p 

± e ±TZl (tz 0 zi + tz\Z 2 + mzi ± z 2 ) <p' + z\e ±TZl gf', A,ra,rel, r > 0, (36) 


hi = a(z 0 - z 2 ) + b, 

/21 = pfn + V, 

/ 3 i=±(m-^)(ttf/ii+/z) T ^/ 2 i, 

fi2 = —Azo/11 + [±r(azo + b)tp + az-pp'] e ±TZl =F z^zi, 

f22 = Sfi2 - Xijz 0 ± nTe ±TZl ip, 

/ 32 =±(m-£) f^/12- MA^bTre^^T i/22, 


where p, p, a, b £ K, ap 7 ^ 0 , <p(^o) 7 ^ 0 is a real differentiable function and 

(' ar )) 2 = (am — br) 2 + [p(am — br) — rrf\ 2 . 


(37) 


or 


{ii) 

£o,t ~ z 2 j = Xzqz 3 + X(2ziZ 2 — 3zqZi — m 2 Zi) + m^Oe z ° {6z\ + Z\Z 2 + 2z$z\ + m 2 zf) (38) 

with X, 9, mi, to 2 £ R, 9 0, A 2 + 7 ^ 0, 


fn = a(z 0 - z 2 ) + b, 

/21 = nfn + V, 

/3,= ± 7i 

/i 2 = -A-o /11 + am 1 9e 9z °z 2 + (mi8e ez ° - A) 


azo+h _ ay \ zi 

0 ^ 


/ 2 2 = — A~ 0 / 2 i + pam 1 9e 9z °zl + ( mi9e 9z ° - A)i 


p(az 0 + b) + p =F (9 + ppa) 


(39) 


Vi+M 2 


/32 = -Xz 0 f 3 i ± -\A + p 2 am 1 8e 9z °zl - (m^e 920 - A)| ja^i =F [(! + ^ 2 )(«“0 + 6 ) + pp + f] | 

where p, ip a £ K, a 7 ^ 0 and 


b = 


(p 9 — pa) 2 a 


29 [a 2 (l + P 2 ) 9 


— — + ?n 2 0 — 1 


3 Proof of Theorem 11.11 

3.1 Total derivatives and prolongations 

Let us first introduce a compact notation for the time derivatives and mixed derivatives of u in addition to 
the notation introduced earlier for the spatial derivatives of u, by letting 

Zi = d >, wj = d 3 t u, v k = d£u x , (40) 
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where zq = wq = u and z\ = Vq = u x . We have therefore, 


6 i+ !•> 


^ j,x — $t ^xi 


Vk,x — 'U-xxt’i 


z i,t — d x 'U’xxti Wj,t — w j+ 1 ? Vk,t — Vk+l, 

and the total derivatives of a differentiable function (f) = </>(#, £, zo, zi, wi, Vi ,..., zi , Wm , v n ), where 1 < l < oo, 
1 < m < oo and 1 < n < oo are finite, but otherwise arbitrary, are given by 


D x (f> — 4*x + E H - ^ ^ Kj ^j,x E 4 > Vk'Vk,xi 


2—0 


J =1 


fc=l 


Dt6 = 


E 0*<2»,t + E ^WjWj +1 + E <t>v k Vk+l- 

i=2 j=0 


(41) 

(42) 


fc =0 


In particular, we obtain the following expressions for the prolongations of the partial differential equation 

(19) 


9-1 g -1 

Z2q,t. = ZQ,t — E 2 29 +l,i = 2l,t — E 

i=0 »=0 

where g = 1, 2,3,..., F(2 0 , ^ 1 ,^ 2 , - 23 ) = Az 0 2 3 + G(z 0 , z 1; z 2 ) and D°F = F. 


(43) 


3.2 Necessary conditions for the existence of second fundamental forms depend¬ 
ing on jets of finite order of u 


Our goal in this section is to analyze the system (12), (13), (14) governing the components a, b , c of the 
second fundamental form and to obtain necessary conditions for the existence of solution depending on jets 
of finite order of u. We note that since the coefficients appearing in the classification given in the Section 
[2j i.e., in Theorems 2.2|2.5 depend only on z 0 , z-\ and z 2 , it follows that the functions A, 7 defined in (15) 
depend only on zq, z\ and z 2 . 


Lemma 3.1. Consider an equation of type (19) describing pseudospherical surfaces, under the condition 
(20), given by the Theorems 2.2||2.5 Assume there is a local isometric immersion of the pseudospherical 
surface, determined by a solution u{x,t ) of (19) satisfying Q. for which the coefficients a, b and c of the 
second fundamental form depend on x, t, zq, ■.., zi, wi,.. ., w m , v\, ..., v n , where 1 < l < 00 , 1 < m < 00 and 
1 < n < 00 are finite, but otherwise arbitrary. Then ac 0 on any open set of the domain of u. 

Proof. Firstly, we will show that c is not zero. Then, using the fact c 7 ^ 0, we will show that a = 0 leads to 
a contradiction and, thus, conclude that ac 7 ^ 0. 


Assume c = 0 on a open set. Then, (12) implies b = ±1 and (13) and (14) reduce to 

fnDta — f\ 2 D x a =F 2 A 13 + aA 23 = 0, 
aAi 3 ± 2 A 23 = 0 . 


(44) 

(45) 


It follows from (45) and (16) that A 13 7 ^ 0 and a = =f 2 A 2 3 /A 13 . Since A 13 and A 23 depend only on zq, Z\ 
and z 2 , we conclude that a depends only on zq, 21 and z 2 and (44) reduces to 


fu [(fflz 0 + £* 22 ) 20 ,* + £*zi 2 i,t — a Z2 (A:ro ~3 + G)] — /12 E a Zi Zi+ 1 =F 2 A 13 + aA23 — 0. 


(46) 


i =0 


Differentiation with respect to zo,t> Z\,t and 23 implies 

fliaz! = fii(az 0 + az 2 ) = a Z2 (fi 2 + Xz 0 fn) = 0, (47) 
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where we recall from (251 that f i2 + Az 0 /ii = <j>i 2 . Since /n = h can not be zero on any open set (see (24)), 
we have a Zl = a ZQ + a Z2 = 0 . 

If 4> 12 7 ^ 0 then from (47) we conclude that a is a constant and (46) reduces to =F2Ai3 + C1A23 = 0 . This 
equation with (45) implies that A 13 = A 23 = 0 which contradicts (16). 

If 4> 12 = 0 on a open set, the only equation and corresponding fy that satisfy this condition are given by 


(34) and (351 with ip = 0, i.e., given by Theorem |2.4[ In that case, 

Ai 3 = ±nh(m2 + Amiz 0 ), A23 = T h(m 2 + AtoiZq), 


and then, by (45), a = ±2//x. Therefore, observing that A 13 = —/xA 23 , ( |46| reduces to 
0 = =f 2 Ai 3 + aA23 = =f 2 (—//A 23 ) + (±2//z)A23 = ± —--—-A 23 


which holds if, and only if, A 23 = 0, which implies A 13 = 0 and, thus, a contradiction by (16). Hence, c / 0 
on any open set. 

From now on, we are assuming c / 0. If a = 0 on a open set, then (12) implies b = ±1 and (13 1 and (14) 
are equivalent to 


T 2A 13 — cA 2 3 — 0, 
/ 21 -Dtc — f 22 D x c — CA 13 ± 2 A 23 = 0, 


(48) 

(49) 


It follows from ( 48 ) and ( 16 ) that A23 7^ 0 an( I c = T2A13/A23. Since A13 and A23 depend only on zq, Z\ 
and z 2 , we conclude that c depends only on zq, Z\ and z 2 and ( 49 ) reduces to 

1 2 

f21^2 C Zi Zij + f2lC Z2 [zo,t - (XZ0Z3 + G)] f 2 2 ^ C Zi Zj +1 cA 13 ± 2A 23 = 0 . 


(50) 


2 — 0 


2—0 


Using (20) and taking the derivative of the latter expression with respect to zo,t, Zi,t and Z 3 implies that 
/2i(c Zo + c 22 ) = f 2 ic zi = (Azo/21 + / 22 )c Z2 = 0. ( 51 ) 


Replacing (51) into (50) we obtain 

1 

— / 21 C Z2 G — f 22 C Zi Z i+ i — cAi 3 ± 2 A 23 = 0. 


(52) 


i=0 


Looking at (511 is easy to see that, if f 2 i ^ 0 and Azo /21 + /22 7 ^ 0 then c is a constant and from (48) and 
(49) we obtain A 13 = A 23 = 0, which is a contradiction with (16). If /21 = 0 and Azo /21 + /22 = 0 on a open 
set, then, by (48 1 and (49), A 23 = 0, which is a contradiction. Hence, we have only two possibilities, namely, 

(*) /21 = 0 and Azo /21 + /22 ^ 0, (n) /21 7 ^ 0 and Xz 0 f 2 i + f 22 = 0, 

on a open set. 

Assuming (i), we can observe from (51) and A 12 7 ^ 0 that c Z2 = 0 on a open set. Thus /) 7 are given by 
(35) with /i = mi = 0 and m 2 7 ^ 0 or (39) with /1 = m 2 = 0, i.e., given by Theorems 2.4 with /i = m 1 = 0 
and m 2 7 ^ 0 or 2.5 (m) with /x = m 2 = 0, respectively. 

If fij are given by (35) with /i = mi = 0 and m 2 7 ^ 0 then A 13 = 0. However, A 13 = 0 implies c = 0 
which is a contradiction, because we firstly showed that c 7 ^ 0. If fij are given by (39) with /x = m 2 = 0 then 


=F 2 [±(A - 0me 9 z °)z 2 q= md 2 e 9 zo zf\ + c (A - dme 9z °) z\ = 0. 


(53) 


Since c Z2 = 0, differentiating the latter equation with respect z 2 and, in following, with respect to z 1 , and 
observing that A — dme 9z ° 7 ^ 0, we have ch! = 0 on a open set, which leads to a contradiction with (24). This 
concludes (i). 











































Assuming (ii), i.e., Azo/21 + /22 = 4>22 = 0, we necessarily have 4> 12 7^ 0, because A 12 = — <^12/21- 
Moreover, from (51) we conclude c 2o + c 22 = c Zl = 0. Thus, fij are given by (31) with = 0 or (33) with 
/r = 0 or (35) with 7^ 0, i.e., given by Theorems 2.2 with /r = 0 or (2.3) with /* = 0 or (2.41 with /r 7^ 0, 
respectively. 

If /i ? are given by (31) with ji = 0 is easy to see that A13 = 0, which is a contradiction, because 
c = =f 2A 13 /A 2 3 is not zero. If fij are given by (33) with /i = 0 is easy to see that A 13 = —Xr]Zi(^ 0) and 
A 23 = 0). Therefore, it follows from c = =f2A 13 /A 23 that c = q=277/7711 is a constant and, from 

(48) and ((491) , we obtain A13 = A 23 = 0, which is a contradiction with rfl6|). 


If }\j are given by (35) with /1 / 0 then c = ±2/r is a constant and, from (48) and (49), we obtain 


A13 = A23 = 0, which is a contradiction with (16). This concludes (ii). Therefore, a^Oon any open set 
and, thus, we conclude the proof of the Lemma 3.1| 

□ 


Now, suppose that we have substituted the expressions of the total derivatives with respect to x and t 
given by (41) and (42) into equations (13) and (14), i.e., 

fucit. + /21 b t - /12a® — f 22 b x — 26(/ii/ 32 — / 12/31) + (a — c)(/ 2 i/ 3 2 — /22/31) 

l l m 

~ + f22b Zi )Zi+l + + f2lb Zi )dx 2 (~0 ,t ~ F) — ’^2(fl20'Wj + f22b Wj )Vj 


i =0 


i =2 


i=i 


+ + f2\b Wj )Wj + i — ^^(/l2a„ fc + /22 by k )dt 1 (zo,-F) + J2(fn a Vk + f2ibv k )v k+ i = 0, (54) 

j =0 k—1 k =0 


and 


fllbt + f2lCt ~ fl2b x — f22&x + 26(/ 2 l/32 ~ /22/31) + (« ~ c)(/ll/32 ~ /12/31) 


— ^(/12^ + /22C 2i )z !;+ i + ^^(/ll& 2i + f2lC Zi )d l x 2 (~0,t ~ F) — ^^(fl2b Wj + f22C Wj )l 


i=0 


i—2 


1=1 


+ E(/H^ f 2lC Wj) W j +1 ~ ^(/12^ + f22Cv k )dt 1 (^O.t ~ -P) + E(/H^ /21 C l>f E ) v fc+l — 0. (55) 

1=0 


fc=l 


/c=0 


If to = n, then differentiating (54) and (55) with respect to i> n _|_i and u;„+i leads to 


/noiu„ + f2\b Vn — 0, fua Wrl + f2ib Wn — 0, 
fub Vn + /2ic„ n = 0, fiib Wn + f2iC Wn = 0. 


(56) 


If /21 / 0 on a non-empty open set (which is the case of the equations and fij given by the Theorems 
2.2 2.3 and|2.5((i) and also may be the case of the equations given by Theorems 2.4 and 2.5 (ii)) then 


bvn — f a «„) 
J 1 2 


b Wn — f 1 
J 2 


(57) 


“ (/21) Uv '«> ^ “ (/21) 

Differentiating the Gauss equation with respect to and w n leads to a Vn c + ac Vrl — 2 bb Vri = 0 and 


a Wn c + ac Wrl — 2 bb Wri = 0, respectively, and using (57) in such derivatives we obtain 

2 


, 1 /n V 1 0 /n; 

c+ I — a + 2 — b 
121/ 121 


U?) — 0, 


1 1 /u\ , 9/11, 

c + 1 — a + 2 — 0 

121/ / 21 


- 0 . 


(58) 


The equation (58) holds when m = n and /21 7^ 0. The cases to < n or to > n need to be considered 


separately, and they will be analyzed in Lemmas |3.3|3.4| The case /21 = 0 will be considered in Lemma |3.4 
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The discussing leading to (58) shows that the analysis of the Codazzi equations (HI and @) splits 
naturally into several branches which are characterized by the vanishing or non-vanishing of /21 and the 
expression between brackets in (58). The various cases are treated in Lemmas 3.2|3.4| and are organized 
according to the figure below. 



form depend on x, t, zq, ... , zi, Wi,..., w m , Vi,... ,v n , where 1 < l < 00, 1 < m < 00 and 1 < n < 00 are 
finite, but otherwise arbitrary. Suppose /21 ^ 0 on a non-empty open set. If 


hi l 1 o in, n 
a + 2 —— 0 = 0 , 


f‘21 


fll 


/21 


(59) 


on a non-empty open set, then the equations (12), (13) and (141 form an inconsistent system. 


Proof. Firstly, let use (591 and the Gauss equation in order to obtain b and c in terms of a , /n and / 21 . We 
will then substitute the total derivatives of b and c back into (13) and (14). 


If (59) holds then substituting c into the Gauss equation leads to 


u _i_i hi 
0 = ±1 — —— a, 

J 21 


c 


/ 

/21 


a =F 2 


hi 

hi 


Moreover, using (20) and (24) we can see that (/ 11 / hi),z 0 + {fii/hi),z 2 = an d thus 
fnD t a + hiD t b = f 21 {Xz 0 z 3 + G) 


hi 

hi 


a , 


^12 

— 7 — D x a - / 22 a 
hi 


hi 


hi 


fi2D x a + f 2 2D x b 
fnDfb + hiD t c = —(fiiazp2f 2 i)(XzoZ 3 + G) 
fl2D X b + /22 ArC 


V I «1 + v- 


fll 


hi 


Z 3 


, z 2 


fll ^12 n 

■7 - 7 — D x a 

J 21 7 21 


~j—~ a + (/ii« T 2/21) 

. 721 721 


fn 

hi 


z 1 


Z 3 


,22 


Equation (13) becomes, 


i[f' 2 iG + (Azo /21 + ^ 22 )^ 3 ] ( 7 —+ 0/22 ( 7 — z\ + — — D x a — 26 A 13 + (a — c)A 23 — 0, 

\j2lj \f2lj~ n J21 


(60) 

(61) 


(62) 
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and (14) becomes 


— 7—(/llffl T 2/ 2 l)[/ 2 lG + (A20/2I + /22)^3] ( 7^ ) — 7 — a 


/2 


/21 

-#(/na T 2/ 2I )(± 


/21 


21 


/ll 

/21 


^3 


/2 


/21 


~i - 7 ^- ^—D x a + (a - c)A i 3 + 26A 23 = 0. (63) 

J21 J21 


Observe that in (62) and (63) we only have the total derivative of the coefficient a of the second funda¬ 
mental form of the local isometric immersion. We are going to use expressions (62) and (631 in an equivalent 


form that will be more convenient to work with when the expressions of G and f t j given in Theorem 2.2j|2.5 
are taken into account. 


Adding equation (62) multiplied by / 11//21 with (63), we get 


± 2 / 2 iG ± 2(/ 22 + Xz 0 f 21 )z 3 - — —az 3 

hi 


/11 

hi 


+ 


A i 2 

± 2/ 22 

hi 


/11 

hi 


z 1 


1 + l ! 


/11 


uAi3 t [ —-—cl ± 2 ) A 


/21 


123 


= 0 . 


Taking the Vk and w 3 , 1 < fc < n and 1 < j < m, derivatives of (64), we have, respectively, 


Qcivk Qdwj — 0 ; 


where 


(64) 


(65) 


Q = - 


A12 / /ll 


/21 V /21 


-3 - 


A12 / /ll 

/21 V/21 


Zl 


1 + 


/ll 

hi 


A 13 — ~^A 23 
hi 


( 66 ) 


Suppose Q = 0 on a non-empty open set. Differentiating Q with respect to z 3 we have (/n// 2 i), 2 2 = 0 
and, consequently, (/11 // 2 i ), Zo = 0- Hence / 11//21 is a nonzero constant, which happens only in the branches 
of the classification corresponding to Theorems 2.4 with mi = 0 and 2.5 (u) with rj = 0. 

If fij are given by (35), i.e., Theorem |2.4| with mi = 0, then 

7 — = -, A 12 =m 2 \J 1 + / 1 2 , A 13 = ±m 2 /i/i, A 23 = Tm 2 h. 

hi V 


Therefore, ( 66 ) implies that A 13 — /nA 23 // 21 = 0 if, and only if, m 2 = 0 and, thus, a contradiction. 
On the other hand, if fy are given by (39), i.e., Theorem 2.5 (ii), with 77 = 0, then 


h 

h 


- — — t A 12 — ±\/l + M 2 fnzi, A 13 — (rrii9e Szo — A)/n [ — ± —— ] 

1 m V Vi + r/ 


-F 


AyT 


A 23 = (mide 8z ° - A)/n I zi ± 




A^l + 7i 2 


-F 


A-y/l + /!' 


= 022 - 


Therefore, ( 66 ) is equivalent to 

0 = / 1 A 13 - A 23 = -(mi0e 9z ° - A)(l + n^zxfn ± 


A\/l +, 


= (<£22 - m), 


where by (25) we know that 


(67) 


</>22 = Z 22 + Azo /21 = nami 9 e 6z °zl + ( mide 9z ° - A)- 

U 


[i{az 0 + b )~-F 


0 Zl 


\A + j 
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Differentiating (67) with respect to z 2 leads to ~{mi9e ez ° — A)(l + H 2 )zifn tZ2 = 0, which holds if, and only 
if, m\ 9 e 9z ° — A = 0, i.e., if, and only if, A = mi = 0 and, thus, a contradiction. Hence, we have shown that 
Q does not vanish in a non-empty open set. 

Let Q ^ 0, on a non-empty open set. We are going to showing that this also leads us into some 


contradiction. Consequently, (651 implies that a Vk = a Wj = 0, k = 1, 2, ..., n and j = 1,2, . . ., m and, thus, 


a is a function depending only on x,t,Zo, ■ ■ ■ , Z[. But, differentiating (64) with respect to zi, l > 4, we also 


Moreover, differentiating (62) with respect to Z 4 leads to 


obtain Qa zi = 0 where Q is given by ( 66 ) and, since Q ^ 0, we conclude that a depends only on x, t, zq ,..., Z3. 


An 

/21 


= 0 , 


i.e., a Z3 = 0 , on a open set. 


Taking the Z 3 derivative of (64), we obtain 


— j~ a A 2 (/ 2 2 + Azo/21) 
/ 21 


ST 1 - 


( 68 ) 


Suppose (/ 11 // 21 ) Z2 = 0, which happens only in (35) with mi = 0 or ( |39| with 77 = 0, i.e., in the branches 
of the classification corresponding to Theorems 2.4 with mi = 0 and 2.5 ■(ii ) with 77 = 0. Therefore, if are 
given by (35) with m\ = 0 then 


■ 7 — = -, A 12 = m 2 \J 1 + n 2 h, Ai 3 = ±m 2 /x/i, A 23 = =F m 2 h. 

J 21 V 


Thus, ( 68 ) is satisfied and, substituting back into (64), we get 


0 — aAi 3 + ( —y—a ± 2 ^j A 23 — a ^— —y — ) =F 2 , 


i.e., a is a constant. But if a is a contant, it follows from (62) and (63) that 


— 26 A 13 + (a — c)A 23 = 0 , 
(a — c)Ai 3 + 2 &A 23 = 0, 


which implies that Ai 3 = A 23 = 0 and, thus, a contradiction with (16). 

On the other hand, considering the case in which j ) 3 are given by (39) with 77 = 0 we get 


h 

h 


- — —, A 12 -±VT + 7?/ii*i, A13 — {rrii 9 e 0Zo — A)/n [ — fizi ±- ] 

1 M V Ay/l+ljflJ 


-F 


Ay/l- 




A 23 = {rn\ 9 e Sz ° - A)/n \zi± 




Ay /1 + n 2 


=F 


Ay/T- 


?</> 22- 


Therefore, ( 68 ) is satisfied and, substituting back into (64), we get 


0 = oAi 3 + ( — ± 2 j A 23 = — [a(/iAi 3 — A 23 ) ± 2/.T. A23], 


(69) 


and since 

0 ^ / 7 A 13 — A 2 3 = —{mi9e dz ° — A)(l + ^ 2 )~i/n ±- . (< f> 22 — /x), 

Ay/ l + /x 2 


12 















































on a open set, we observe that a depends only on zq, Z\ and z 2 - Then, from (62) and (63), we obtain 


-f—D x a - 2bA 13 + (a - c) A 23 = 0, 
J 21 


12 


1 A 

M /21 


D x d + (d — c)Ai3 + 26A23 — 0. 


(70) 

(71) 


Differentiating ( |70| ) with respect to z 3 leads to Ai 2 a Z2 /f 21 = 0 and, therefore, a Z2 = 0. Differentiating 

leads to 


(69) with respect to z 2 and replacing the result back into 

— a(l + p 2 )zi ± 2 fj ( Z\ ± 


Ay/l + 


= 0 , 




(±a — 2/x)0(/>22 =F a/x = 0. 


(72) 

(73) 


It follows from (70) and (|7T|) that a can not be constant, otherwise, 


— 26 A 13 + (a — c) A 23 = 0 , 
(a — c)Ai 3 + 2bA 23 = 0 , 


and thus A 13 = A 23 = 0, contradicting (16). Hence, (72) and (73) imply that </> 2 2 depends only on z\, i.e. 


0 = (j>22,z 0 = nAm.i0 2 e ez °zl + mi9e ez ° 


n(Az 0 + b)zf 


9z\ 








Differentiating the latter expression twice in z\ we obtain ^Ami9 2 e Sz ° = 0 which holds if, and only if, m\ = 0. 
But, mi = 0 in the latter equation gives us —X^lA/9 = 0 which implies A = 0. Hence, m\ = A = 0 which is 
a contradiction with A 12 7 ^ 0. Thus, we have shown that (/ 11 // 21 ) Z2 does not vanish on a non-empty open 
set. 


Let us go back to equation ( 68 ) and analyze the case (/ 11 // 21 ) , 2 / 0 on a non-empty open set. This 
condition holds in (31) or (33) or (35) with mi ^ 0 or (l37| or (39) with r\ ^ 0, i.e., in the branches of the 


classification corresponding to Theorems |2.2||2.5[ 
From (681 , a is given by 


a = ±2 


<(> 22/21 


(74) 


where, by {251, we know that <j >22 = /22 + Xz 3 f 2 i- Thus, usando (74) and the fact of A 13 — fiiA 23 /f 2 i = 
/ 31 A 12 // 2 I) the equations (62) and (641 are equivalent to 


L/ 21 G - / 22 zi) 


/21 


^2 a Zi Zi+i + a 


•i —0 


Liiii VI 

A 23 — 2 

,, Ll 

±1 — a—- 

1 - 

'-h 

to 


hi. 


-A 12 = 0, (75) 


i 2 / 21 G 


hi 

/21 


-F 2,\ZQZ\f21 


hi 

hi 


1 + 


hi 

hi 


a^A 12 ± 2A 2 3 ) = 0. 


(76) 


Remember that (hi/hi) ~ 0 + {fu/hi) lZ2 = 0 and, by (J25J) , we also have af 31 A 12 /hi ± 2A 23 = ± 2 / 2 i^ 3 2 - 
Hence, it follows from that 


G= - XzoZl -(A+M**L t where L:=(^ 

L V/21 


P 21 


(77) 
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If G and fij are given as in (30) and (31), i.e., Theorem 2.2 from (77) we get L = —mpl + tPh' / ff x and 


zii>, Zo + 32^,31 ±mip = G = ±—(/n + /| i)^. 

Differentiating the latter with respect to 22 , there exists a function P = P(zq) such that 

= +/!.),» = ?. 

i.e., there exist functions R = R(zq) and S = S(zq) such that 

i/> = Re Pz \ R/ 0, 

±-(/n+/ 2 2 i) = Pz 2 + S. 


(78) 


(79) 

(80) 


Differentiating (80) with respect zq and adding the result with the Z 2 derivative of (80), and using /n j2o + 
f 11,22 = 0 and / 2 i, 2 0 + f 2 i,z 2 = 0, we obtaing P = A and S = —Azo + C 1 , where A and C are constants with 
A/^ 0. In fact, if A = 0 then P = 0 and S = C , and differentiating (80) with respect to Z 2 leads to 

-(1 + p)h =F muy/1 + fj , 2 = 0, 

because h! ^Oona open set. But, differentiating the latter again with respect to Z 2 we get (1 + p)h' = 0 
and, thus, a contradiction. So, A / 0. 


Substituting (79) and (80) into (78), we have 


Z\R! + (±m + Az 0 — C)R. = 0 . 


(81) 


Differentiating the latter with respect Z\ we get R = constant which, when replaced back in (81), gives us 
AR = 0, which implies R = 0 and, thus, a contradiction. 

If G and fij are given as Theorem 2.3 then from <77j we obtain L = —Tjh'/f 2 1 and 

r] 2 (zih + m 1 z 1 + m 2 z 2 ) = (/u + /fr) [^1 (1 + P) - m]z 1 

Taking the z\ derivative of the last equation and replacing the result back into the same equation we obtain 


rfm . 2 = 0, which contradicts the condi tion rjm 2 /z 0 appearing in Theorem 2.3 


and 


If G and f l3 are given as Theorem 2.4 with m\ /z 0 , then from (77]) we obtain L = —m\yfl + ph'/f- 


j ?2 _j_ j 2 

- (A^i ± \miz 0 ± m 2 )h + Z\if tZo + z 2 ip, Zl ± miif = ' 11 ' 21 — [± y/l + n 2 4> ± Ami/Z 2 0 ± m 2 /j]. 

m 1 y/l + /i 2 


(82) 


Differentiating (82) with respect to zq and z 2 and adding both results lead to 


T Ami ft + Ziif,z 0 z 0 + z 2 ip,z 1 z 0 ± ™it),z 0 + V’.zi = 


fh + /li 


mi 






= [± \/l + H 2 i>, Zo ± Amip]. 


Likewise, differentiating (83) with respect to z 0 and z 2 and adding both results, we obtain 

P + / 2 

Ziip,z 0 z 0 z 0 + z 2 ip }ZlZoZo ± miif, ZoZo + 2 ij) tZlZo = ± ' 11 21 ip,z 0 z 0 ■ 


Taking the z 2 derivative of (84), we have 


(83) 


(84) 


V’,«1«0^0 — ±-(/ll/ll,z 2 +/21/21,22)^,2020- 

777-1 


(85) 
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We now divide our analysis in two cases. According to whether ip tZQZo = 0 or ip, ZoZo 7 ^ 0- 

If ' t P,z 0 z 0 = 0 then we have from ( |85j ) that ip }ZlZoZo = 0 and, by (84), ip, ZlZo = 0 . Hence, ip = Az 0 + N, 
where A is a constant and N = N(z\) is a differentiable function. It follows from (83) that 


{2 i J-2 

=F Xmih ± mi^ Zo + ip, Zl = — 11 u 21 n [±\/l +/x 2 A ± Am^]. 


mix/li/i 2 ' 


( 86 ) 


Differentiating ( 86 ) with respect to z 2 , since h! 7 ^ 0, leads to 

± \J\ + fi 2 A ± \miyL 


=pAmi = 2 : 


m i 




(-/n - M/2l)- 


Differentiating the last equation with respect to Z 2 implies that ±\/l + fi 2 A ± Anii/J = 0 and, from the last 
equation again, we have Ami = 0. Since mi / 0 we have A = 0. Thus, A = 0. Hence, ip = N. But, from 
( 83]), since A = X = 0, we have N' = 0, i.e., N is a constant. Finally, the equation (|82|) gives us 

e ?i + fi 

m\y/l + p 2 ' 

Taking the z 2 derivative of the last equation, since h! ^ 0, we get 

± \Jl + n 2 N ± m 2 /i 


r2 I j-2 

=F m 2 h ± mi N = ' 11 ' [± yl + ^i 2 N ± m 2 /r]. 


(87) 


q=m 2 = 2 : 


mi 




A 2 


- (—/ll - A^/21) * 


Differentiating the latter equation with respect to z 2 leads to ±y / T+ p, 2 7V ± m 2 /i = 0 and, thus, m 2 = 0. 
But, A = m 2 = 0 contradicts the fact of Ai 2 7 ^ 0. Hence, we have shown that from equation (851 we can not 
have ip, ZoZo = 0 . 


Let us now consider the case ip iZoZo 7 ^ 0 in (85). So, it follows from (85) that 

V" 0 * 0 = ± -(/ll/ll, 22 + /2l/21,2 2 ) = -R(~o), 

V>,z 0 zo mi 


where i? = R(zo) is a differentiable function. Equation ( 88 ) may be written as 

VfziZoZo = -RV^ZoZo! 
fii + fii = ±miRz 2 + S(z 0 ), 


( 88 ) 


(89) 

(90) 


where S' = S(zq) is a differentiable function. Taking the zq and z 2 derivative of (90), adding the result and 
using /n, 2o + /n, 2 2 = 0 and / 2 i iZo + f 2 \ j22 = 0 we obtain R = —A constant and S = ±AmiZo + B with B 
constant. Hence, 


/11 + /21 — ±mid(^o — z 2 ) + B , 


and integrating once with respect to Zq the equation (89), we get 

V>,ziz 0 = ~Aip iZo +T(zi), 


( 91 ) 

(92) 


where T = T(zi) is a differentiable function. Substituting (91) and (92) into (83) leads to 


T Xmih + Z\ip jZqzq + z 2 [-Aip iZ0 + T{zi)\ ± mnp, zo + ip, zi = [ :j=mi ^(~» - 2 )| + 4 . ± Amip]. (93) 


mi 


\/TT/ 


Taking the z 2 derivative of (931, we have 


± Xmih' = —T(z\) =F — = AmiC, 


(94) 
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where C is a nonzero constant, since h' 7 ^ 0. Thus, from (941 we obtain /n = h = ±C(zg — Z2) + D , 
where D is a constant. But, replacing /n into (911 and using /21 = /r/n ± m\ \J\ + p 2 and differentiating 
the remainder expression twice with respect to Zg leads to C = 0 and, thus, a contradiction with h' 7 ^ 0. 
Therefore, we have shown that from equation (85) we can not have ip Z 0 z 0 7 ^ 0 neither, on a non-empty open 
set. So, ([77j) is not true if G and fij are given as Theorem |2.4| with m\ 7 ^ 0. 

Now, let consider G and f,j given by Theorem 2.5 (i). Then, from ([77} we obtain L = —Ap/f^ and 


( m Z2\ ± 

A [ziz 2 - 2z 0 z 1 — — zi =F — J + re " 1 (tz 0 z 2 ± zi + m^) 


p , J-2 

±e ±rzi (t2 0 -i + rziz 2 + ± z 2 ) <p' + z\e ±TZl <p" = — Az 0 2 i + 1/11 , ' 21 032- 

Arj 


Taking the z 2 derivative of (96 1 , we obtain 


A ^1 =F — ^ + re ±TZl ( rzg +in) tp± e ±TZl ( tz\ ± 1) ip' 


0 /n + M/21 , 

— —2 - 032 , 


(95) 


(96) 


which the derivative with respect to z 2 leads to 0 = (1 + p 2 )A, i.e., A = 0, which contradicts fu , Z2 7 ^ 0. 
Finally, if G and f t j are given by Theorem 2.5 (u) with 77 0 then, from we have L = —Arj/f^i and 


A( 22 i 2 2 ^ 3zq2i — m 2 2 i) + mi 


z\ + Z\Z 2 + 2zgZi + TO 2 ^l) — — \ZgZi + 


/l 2 l + /ll 

Ar] 


032 5 


(97) 


where 


032 = ±\/l + p 2 Ami9e 6z ° zf - (mi0e 9z ° — A) - < Aiy^i q= 


\A +1 


Q 

(1 + p 2 )(Azg + B) + pp -\—- 


Thus, we can rewrite (97) such as 


Differentiating (97) three times with respect to Z\, we obtain mid 2 e Sz ° = 0, i.e., mi = 0 (and then A 7 ^ 0). 

(98) 


2zi^ 2 — 2zgZ\ — ra 2 Z\ = 


Pn+f\ 


21 


A 9 rj 


Arjzi =F 


v/i + 


M 


Q 

(1 + /i 2 )(A2o + B) + pp + — 


Differentiating (98) with respect to 21 leads to / 2 i + f 21 = — 2d(zg — z 2 ) — m 2 0, which replaced back into (98) 
gives us 

(1 + p~)(Azg + B) + pp + — = 0. 

The zg derivative of the last equation implies that (1 + p 2 )A = 0, i.e., A = 0, which contradicts fu , Z2 7 ^ 0. 


This concludes the proof of Lemma 3.2 


□ 

In the next two lemmas (Lemmas |3.3||3T ) we will see that, under certain conditions, if a local isometric 
immersion exists for which the components a, b , c of the second fundamental form depends only on a jet of 
finite order of u, then its coefficients are functions depending only on x and t. Moreover, the proof in both 
lemmas requires separate the analysis of the cases m = n, m < n and n < m. 


Lemma 3.3. Consider an equation of type (19) describing pseudospherical surfaces, under the condition (20), 
given by the Theorems |2.2||2.5l Assume there is a local isometric immersion of the pseudospherical surface, 
determined by a solution u(x,t) of (19), for which the coefficients a, b and c of the second fundamental form 
depend on x, t, zg,..., zi, w \,..., w m , iff, • • ■, v n , where 1 < l < 00 , 1 < m < 00 and 1 < n < 00 are finite, but 
otherwise arbitrary. Suppose f 2 1 7 ^ 0 on a non-empty open set. If 


c+($M a + 2£i&^0 


021 


/ll 


/21 


(99) 


holds on a non-empty open set then a, b and c are functions of x and t only, and therefore universal. 
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Proof. Our analysis consists in three cases, namely, 


(i) m = n , (ii) to < 7 i, (ra) n < m. 


Firstly, we consider the case m = n and we are going to show that, from (541 and (551, we have a, b and 
c depending only on x and t. 

Suppose 1 = 1. If (99) holds then it follows from (58) that a Vn = 0 and a Wn = 0 and, consequently, by 


(56) we obtain b Vn = c Vrl = 0 and b Wrl = c Wn = 0. Thus, successive differentiation of (54), (55) and (12) 
with respect to v n +\,.. ■ ,v\ and w n + 1 ,... ,w i lead to a Vk = b Vk = c Vk = 0 and a Wk = b Wk = c Wk = 0 for 
k = 0,1,..., n. Therefore, a, b and c are universal. 

Suppose l > 2. Successive differentiation of (54), (55) and (12) with respect to u n+ i,...,u 2 and 
w n +i,... ,W 2 lead to a Wk = b Wk = c Wk = 0 and a Vk = b Vk = c Vk = 0 for k = 1, 2,..., n. In particular, 
a, b and c do not depend on Wk and neither Vk for k = 1,2,... ,n. Therefore, a, b and c are functions of 
x,t,Zo = wo, zi = i>o,..., Z{. Moreover, the equations (54) and (55) are equivalent to 

f licit + f2lbt — f 12&x — f-22bx — 26 (/h / 3 2 — /12/31) + (a — c)(/ 2 l /32 — /22/31) 


1 


- V(/i2a Zi + f22b Zi )z i+1 + > {fna Zi + f2ib Zi )d l x ( z 0 , t - F) 


i =0 


i=2 


+ (fllClwo + f2lb Wo )'Wl + (flldvo + f2lb Vo ) v l ~ 


( 100 ) 


and 


fnh + /21Q — fi 2 b x ~ f 22 C x + 26 (/ 2 i /32 — /22/31) + (a — c)(/u / 32 — f 12 / 31 ) 


- ^2(fl2b Zi + f22C Zi )z i+1 + ^ 2 {fllb Zi + /2lC Zi )d l x 2 (z 0 ,t - F) 


i =0 


i =2 


+{fnb Wo + f 2 ic Wo )wi + (fub Vo + f 2 ic Vo )vi = 0 . ( 101 ) 

Differentiating (100) and PH with respect to Zp + \, we obtain, respectively, 

if 12 + A^o/ll) a Zf + (/22 + A Zof2l)b Ze = 0, (/12 + A^o fu)b ze + (/ 22 + Azo/ 2 i)c Xf = 0, 


and, using (251, we have 


012 dz e + 022 b Ze — 0 , 
012 b ze + 4 >22 C zi = 0, 


( 102 ) 


If 0 22 / 0 on a non-empty open set, which may happen in all cases covered by Theorems Em 
obtain from ( 102 ) that 


we 


h — -zFL 

5 C-Zt 

022 


^12 

022 


Differentiating the Gauss equation (12) with respect to Zp leads to a ze c + ac ze — 2 bb ze = 0. Which implies 
using ( 102 ) that 


c + 


Vl2 

022 


l o ™ 12 

Qj - 1 - 2 —— 0 


022 


a Z i 0 , 


(103) 


If the expression between brackets in (103) does not vanish on a open set, we obtain a Zf = 0 and, thus, 
by (102), b zt = c zi = 0. Successive differentiation of (100), (101) and (12) with respect to zp,...,zs leads 
to a zt = a zt _ x = ... = a Z 2 = 0 and, thus, b Zl = = ... = b Z2 = 0 and c Z( = c 2f _ 1 = ... = c Z2 = 0. 

Therefore, equations (100) and ( 101|) give us, respectively, 


fndt + f 2 ibt — fi 2 dx — f 22 b x - 2b(f a/32 — f 12 / 31 ) + (a - c)(/ 2 1/32 — f 22 / 31 ) 

1 

— ^(/i2a«» + / 22 b Zi )z i+ i + (fna Wo + f2ib Wo )wi + {fna Vo + f 2 ib Vo )vi = 0 , 


(104) 


z—0 
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and 


fnh + hict — fi 2 b x - f 22 C x + 2b(f 21/32 ~ / 22 / 31 ) + (a - c)(/n/ 32 — / 12 / 31 ) 

1 

— ^^(/l 2 ^Zi + f22C Zi )Zi+l + {fllb Wo + f2lC Wo ) w l + (f lib v 0 + / 2 lC Vo )vi = 0 . ( 105 ) 


i=0 


Differentiating (104) and (105) with respect to w i, we obtain 


Likewise, 


fll&Wo T f2lbu)Q - 0, fllbyjQ T /2lCwo - 0. 


fna Vo + f 2 ib Vo — 0, fnb Vo + / 2 iC Vo — 0. 


(106) 


(107) 


Differentiating the Gauss equation with respect to wq and vq leads to a Wo c + ac WQ — 2 bb Wo = 0 and a Vo c + 
ac Vo — 2 bb Vo = 0, respectively. Taking into account (106) and (107) in the latter, we obtain 


fn 


/21 


/11 


c + —— a + 2——b 


/21 


dvj n — 0, 


fll 


/21 


/ll 


c + -7— a + 2-—b 


/21 


CL V q — 0, 


and by (99) we finally have a Wo = a Vo = 0 and, thus, by (106) and (107) b Wo = b Vo = 0 and c Wo = c Vo = 0. 
Hence, a, b and c are universal. 


On the other hand, if the expression between brackets in (103) vanishes, i.e., 

2 1 


'r 12 1 - 0 'r j n 

—— a + 2 -—0 = 0, 


02 S 


12 1 


then it follows from (108) and (12) that 


6 = ±1 — 


022 


022 


012 

022 


a- F 2 


012 

022 


(108) 


(109) 


Therefore, 


A 


fnDta + / 2 iD t b — — — D t a — af 21 ( ( 7 — 

022 \ 022 

fi 2 D x a + f 22 D x b = —Xzq —— D x a — a /22 ( -j — 
fiiD t b + hiDte = 

Zi 2 ^> x b + Z 22 D x c = 


»12 


022 


012 

022 


»12 
1 022 


2 / 21 X— a — /11 a =F 2/21 ) ( ) — - 75 -^ 12 D t (i, 


012 


022/ j 02 


, A12 , j, 012 1 „„ 

-1- 022 t— ) a , =F 2/22 

022 022 


12 

022 


\ | \ 'rl2 a ^ 

-— I +^^0-79-^12 D x a , 


% 2 


where A i2 = /n0 22 - 021012- 

Therefore, equation (131 becomes 


A 12 

022 


(D t a + Xz 0 D x a ) - a /21 


and (14) becomes 

012 


012 
022 /, t 


012 


+ a/22 


012 

022 


Ai 2 (Dta + XzoD x a) + I 2/21——a — /n a 2/ 2 i 


022 


, A12 012 , 

Xzo —-h 022 -7— a 2/22 

022 022 


— 26 A 13 + (a — c) A 23 — 0 , 


012 

022 


( 110 ) 


) + (a — c)Ai 3 + 2&A23 = 0 , 


( 111 ) 
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where 


012 
022 


012 

022 


W 1 


.20 


012 

022 


Vl 


.21 


From Lemma 3.1 we have 0 i2 7 ^ 0, since c 7 ^ 0. Hence, adding (110) multiplied by 0 12/022 to (111) we get 


A 12 _ . 

- — ST 2/2! 
022 


012 

022 


+ ( ~Azo^r—a i 2/22 
022 


012 

022 


+ ( a — 26^ — c ) A 13 
022 


+ 


012 

022 


(a — c) + 26 


A23 — 0. 


Differentiating ([112j) with respect to iq and iiq, we obtain, respectively, 

= 0 


P 


012 

022 


P 


012 

022 


A 


= 0, where P :=—-/0 ci=f2/ 2 i. 

022 


( 112 ) 


(113) 


If P 0 0 on a, non-empty open set, we have from (113) that 0 22 — ^4012 = 0, where A is a nonzero constant. 
But, l = 0 22 — H0 12 = 0 restricts our analysis to the case where /, :? are given by (31) with A = 77 7 ^ 0 or (33) 
with H = 77 7 ^ 0. 

If fij are given by ( pTj) w ith /i^Owe obtain A i3 = /n /32 - / 31/12 = =Fm/£0 and A 23 = / 2i / 32 - / 31/22 = 
±m0, which imply by (112) that a = ± 277/(1 + / 1 2 ) constant. Therefore, (110) and (111) reduce to 


—2 b a — c 
a — c 26 


Ai 3 

a 23 


It follows from (161 that 6 = 0 and a = c, which contradicts the Gauss equation ( |1S 

If fij are given by (|33]) with /i / 0 w e ob tain A i3 = /n/ 32 - / 3 i/i 2 = A(toi/x - 77 ) 2:1 and A 23 = 
/ 21/32 - / 31/22 = —Ami 2 : 1 , which imply by ( |112[ ) that 

1 + /r 2 




±2 


mi = 0. 


(114) 


Therefore, if mi 7 ^ 0 in (1141 then a is a constant and (110) and (111 I give us a contradiction like before. If 
mi = 0 in (114) then replacing A i3 = 0 ) and A 23 = 0 into (110) and (111), we get 

Dtd T \z 0 D x a T 2A(±77 — d)Z\ — 0, 

D t a + XzoD x a + A(a/i 2 — a ± 2^jl)zi = 0, 

which imply a = 0 and, therefore, a contradiction by Lemma |3.1| 


On the other hand, from (113) if P = 0, on a open set, then a = ^ 2022 / 21/^12 and, thus, a is a function 
depending only on zq, Z\ and z 2 . However, using such a and (109) we get 


hi 


hi 


hi 


a + 2 AA6 = 0, 


hi 


which contradicts the hypothesis (991. 

If 0 22 = 0 (which is the case of (31) with 71 = 0 or (33) with 77 = 0 or (35) with 77 7^ 0 and 76 = 
-(m 2 + Amiz 0 )\]\ + ^ 2 /n) then, since A i2 = [( 0 22 - 7t20i2)/n - 772012 ]dx A dt — -fiuhidx A dt 7 ^ 0, we 
have 0i2 / 0 on an open set. Moreover, it follows from (102) that a zi = b zi = 0. 

Differentiating the Gauss equation with respect to ze and using the Lemma (3.1), we obtain c Ze = 0. 
Successive differentiation of (100), (101) and (12) with respect to zj,... ,z 3 leads to a Zi = b Zi = c Zi = 0 for 
i = 2, 3,..., I — 1. Hence, (100 1 and (101 1 are equivalent to 

/n«t + hibt — fi2a x — 022^ — 26 (/ii / 32 — /12/31) + (a - c)(/ 2 i /32 — /22/31) 

1 

- '^Ui2 a zi + h 2 b Zi )zi+i + (fna Wo + hiK 0 )wi + (/na„ 0 + hibv 0 )vi = 0, (115) 

j=0 
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and 


fllbt + /2lCt — fubx — f- 22 Cx + 26(/ 2 l/32 — f22/31) + (« — c)(/n/ 32 — /12/31) 

1 

-£(/ 12 frzi + /22C*J 2*+l + (fub wo “I - f21 c wo )wi + (/11 K “I" f21 Cvq M = 0. 
*=0 


Differentiating (115) and (116) with respecto to V\ and W\, we get 


fna Wo T /2ibwQ 0; 

fllbwo T / 21 Cwq 1 0; 


flldvo + f 2 lbv 0 ~ 0, 
fllbvo + /2lC„ 0 = 0. 


Differentiating the Gauss equation (12) with respect to wg and vg leads to a WQ c + ac u 


a Vo c + ac Vo —2 bb Vo = 0, respectively. Taking into account (117) in the latter, by (99) we obtain a Wo = a Vo = 0 


(116) 


(117) 


— 2 bb Wo = 0 and 


and, thus, by (117), b Wo = b Vo = 0 and c Wo = c Vo = 0. Hence, a, b and c are universal and, thus, we conclude 
the proof of (z). 


Suppose (zz), i.e, m < n. Therefore, since n > m + 1, differentiating (54), (55) and (12) with respect to 
v n +i leads to a Vrl = b Vn = c„ n = 0. Successive differentiation with respect to v n , v n -i,..., t>( m +i)+i leads 


to a Vn _ 1 = ... = a Vm+1 = 0, b Vrl _ 1 = ... = b Vm+1 = 0 and c Vn _ 1 = ... = c Vm+1 = 0. Hence, a, b and c are 


functions of x, t, Zg, Zi, ... ,zi, W \,..., w m , v\, ..., v m . Proceeding as in (i), we conclude that a, b and c are 
functions of x and t only, and therefore universal. This concludes (zz). 


Finally (zzz), i.e, m > n. Therefore, since m > n+ 1, differentiating (154)), (55) and (12) with respect to 


Wm+i leads to a Wm = b Wm = c Wm = 0. Successive differentiation with respect to Wm,Wm-i, ■ ■ ■ ,W(n+i)+i 
leads to a Wm _ 1 = ... = a Wrl+1 = 0, b Wm _ 1 = ... = b Wrl+1 = 0 and c Wm _ 1 = ... = c Wrl+1 = 0. Hence, a, b and 
c are functions of x, t, zg, z\,.. ■, zi, w \,..., w n , v ±,..., v n . Proceeding as in (z), we conclude that a, b and c 
are functions of x and t. only, and therefore universal. This concludes (zzz). 

Therefore, a, b and c are universal, i.e., a, b and c depend only on x and t. This concludes the proof of 
Lemma 13.31 

□ 


Lemma 3.4. Consider an equation of type (19) describing pseudospherical surfaces, under the condition (20), 


given by the Theorems |2.2[(275l Assume there is a local isometric immersion of the pseudospherical surface, 


determined by a solution u(x,t ) of (19), for which the coefficients a, b and c of the second fundamental form 
depend on x, t, Zg,..., zi, u>i ,..., w m , iq,..., v n , where 1 < l < oo, 1 < m < oo and 1 < n < oo are finite, but 
otherwise arbitrary. If f 21 = 0 , on a non-empty open set, then a, b and c are functions of x and t only, and 
therefore universal. 


Proof. First, observe that / 2 1 = 0, on a non-empty open set, can only happen in (351 with /i = mi = 0 or 


(39) with fj, = rj = 0. Furthermore, in both cases <f> 22 ^ 0 on that open set. Our analysis consists in three 


cases, namely, 


(z) m = n , (zz) m < zz, (zzz) n < m. 


Let consider, firstly, the case m = n. Suppose 1 = 1. Successive differentiation of (54), (55) and (12) with 
respect to u n +i,..., Vi and u> n + 1 ,..., w\, since /n 7 ^ 0 , lead to a Vk = b Vk = c Vk = 0 and a Wk = b Wk = c Wk = 0 
for k = 0,1,..., n. Therefore, a , b and c are universal. 


Now let us consider l > 2. Taking successive differentiation of (54), (55) and (12) with respect to 
v n+ i, ...,V2 and w n+ 1 ,..., w 2 , since /n / 0, leads to a Wk = b Wk = c Wk = 0 and a Vk = b Vk = c Vk = 0 for 
k = 1,2 ,... ,n. Thus, we have that a, b and c do not depend on Wk and neither Vk for k = 1,2 ,... ,n. 
Hence, a, b and c are functions of x, t , Zg = wg, z\ = vg, 
equivalent to 


, Z/ : . Furthermore, the equations (54) and (55) are 


/not — /i2«x ~ f 22 b x — 26(/u/ 3 2 — /12/31) — (a — c)/ 2 2 / 3 i — fz 2 b Z i)zi+i 

i=0 
1 

+ fiia Zi dfr 2 (zg, t - F) + fna Wo wi + fua Vo vi = 0, (118) 


i =2 
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and 


fllbt — fl2b x — f22C x — 26 / 22/31 + (a — c)(/n/32 — / 12 / 31 ) — ^^(fl2b Zi + / 22 dzJ^+l 

i=0 

l 

+ Yjiib z ^(z 0 , t — F) + fubyjgW! + fub Vo vi = 0. 


(119) 


i=2 


Differentiating (118) and (119) with respect to zt+ 1 , we obtain, respectively, 

(/l2 + A2o/n)a £i + /22&ZJ = 0 , (/12 + A^o/ll)^! + /22Ci, = 0 , 


and, using (251, with / 2 1 = 0 , we have 

012 O-zi + 022^, = 0, <f>12b Zl + 4 > 22 C z , = 0, 


Since 0 2 2 7 ^ 0, it follows from (120) that 


, _ <?12 
°21 — / a Z! ! C Zl 

0 22 


012 

022 


( 120 ) 


( 121 ) 


Differentiating the Gauss equation (12) with respect to zi leads to a zi c+ac zi —2 bb zi = 0, which gives, using 
the Jml) 


022 


c+ — a + 2 — b 


022 


Ojzi — 0 ? 


( 122 ) 


If the expression between brackets in (122) does not vanish on a open set, we obtain a zi = 0 and, thus, 
by (120), b Zl = c Zl = 0. Successive differentiation of (118), (119) and (12) with respect to zi,..., Z 3 leads to 
a Zl = a Zl l = ... = a Z2 = 0 and, thus, b Zl = b Zl _ 1 = ... = b Z2 = 0 and c Zl = c Zl _ 1 = ... = c Z2 =0. Therefore, 
the equation (118) and (119) give us, respectively, 

2 

fna t — fi2dx ~ f22b x — 26 (/ii / 32 — /12/31) — (a — 0)722/31 — ^(/i2azi + f22b Zi )zi+\ 


i =0 


+f\io. W0 w\ + fnO'vo v i — 0, (123) 


and 


fllbt — fl2bx — 022 Ox — 26 / 22/31 + (a — c) (/n/32 — / 12 / 31 ) — y^(/l 2 ^ + / 22 C Zi ) 2 i+i 

1=0 

+/n^o u; i + fiibvoVi = 0 . (124) 

Differentiating (123) and (1241 with respect to iq and wq leads to fna Vo = fub Vo = 0 and fua Wo = fnb u , 0 = 
0, i.e, a„ 0 = b Vo = 0 and a Wo = 6u, 0 = 0. Differentiating the Gauss equation (12) with respect to wq and vg 
gives a Wo c + acw 0 — 2bb Wo = 0 and a Vo c + ac Vo — 2bb Vo = 0, respectively. Since a/0we obtain c Wo = c Vo = 0. 
Hence, a, b and c are universal. 


On the other hand, if the expression in brackets in (122) vanishes, i.e., 

2 1 


'r 12 1 - 'f' 7 n 

—— a + 2 -—0 = 0 , 


0 25 


12 , 


022 


then it follows from the Gauss equation (12) that 


6 = ± 1 - — a, 


c = 


022 

2 


022 


a- F 2 


012 

022 


(125) 

(126) 
(127) 
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Therefore. 


f 12 D x a + f 22 D x b — —\zofnD x a — af 22 


022 


AiD t b = -f u a ( - ^fnD t a, 

,022/ t 022 


fi 2 D x b + / 22 -DxC — [(A^o/n + 012 ) a T 2 / 22 ] 


022 


+ \z 0 ^—fiiD x a, 
022 


where A i2 = /n0 2 2 - f 21^12 ■ 

Therefore, equation (131 becomes 


fn{D t a + Xz 0 D x a) + a/22 


012 

022 


— 26A13 + (a — c) A23 = 0, 


( 128 ) 


and (141 becomes 


—— fu(D t a + \zoD x a ) — /no ( —— J — [(Xzofu + 012) a qp 2 / 22 ] ( t— ) + (a — c)Ai3 + 26 A 23 = 0, (129) 

022 \ 022 / t V 022 > 


where 


<?>12 

022 


012 

022 




,Z 0 


<?>12 

022 


Vi 


,z 1 


From Lemma 3.1 since c/Owe have 0 i 2 7 ^ 0. Hence, adding (128) multiplied by 012 /022 with (129) we get 

( 130 ) 


+(-A*o/ua± 2 / 2 2 ) P 
022 \ 022 / t \ 022 


+ ( a — - C ) A13 + 


— (a — c) + 26 
022 


A 23 = 0 . 


Differentiating (130) with respect to v\ and w\, we obtain, respectively, 


012 , f 012 \ _ „ 012 „ / 012 

022 11 V 022/^ ’ 022 U V022 


= 0 , 


which imply that 0 22 — A 0 i 2 = 0, where A is a nonzero constant. Otherwise, we would have 022 = 0. But, 


l = 022 — H 0 i 2 = 0 does not happen in (35) or (39). This concludes (*). 


Suppose (ii), i.e, the case m < n. Therefore, since n > m + 1, differentiating (54), (55) and (12) with 
respect to v n+ \ leads to a Vri = b Vn = c Vn = 0. Successive differentiation with respect to v n , v n _i ,..., U( m+1 ) +1 

, j = 0. Hence, a, b and c 


= ... = a v 


a+i — b, ^ v n—i — ■ ■ ■ — ^ v m +1 — b and Cv rl _ 1 


- ... - Cy 


leads to a v 

are functions of x, t, Zo, z\, ..■, zi, w \,..., w m , V\,.... v rn . Proceeding as in (i), we conclude that a, b and c 
are functions of x and t only, and thus universal. This concludes (ii). 


To conclude the proof of Lemma 3.4 consider (Hi), i.e, the case m > n. Therefore, since m > n + 1, 


differentiating (54), (551 and (12) with respect to w m+ i leads to a Wm = b Wm = c Wm = 0. Successive differen¬ 


= ... = a 


+ l - 0, 


’ ' ' ^ W n +1 b 


tiation with respect to w m ,w m - 1, ..., u >( n+1 ) +1 leads to a„ 
and c Wm _ 1 = ... = c Wn+1 = 0. Hence, a, b and c are functions of x, t, zq, z\, ..., zi, w±, ..., w n , V\, ..., v n . 
Again, proceeding as in (*), we conclude that a, b and c are functions of x and t only, and thus universal. 
This concludes (in). 

Hence, a, b and c are universal, i.e., a, b and c depend only on x and t. This concludes the proof of 
Lemma 13.41 

□ 
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3.3 Universal expressions for the second fundamental forms 


In the previous section we have shown that if there exist coefficients a , b, c (depending on a jet of finite order 
of u) of the second fundamental form of a local isometric immersion of a pseudospherical surface, so that the 
system of equations (12), (13) and (141 is satisfied, then a, b and c are functions depending only on x and 


t, and thus universal. Now we are going to determine such coefficients for the equations (23) and associated 
fij's given by Theorems 2.2||2.5 


Proposition 3.5. Consider an equation of type ( 19 1 describing pseudospherical surfaces, under the condition 
(20), given by the Theorem 2.2. There exists a local isometric immersion in R 3 of a pseudospherical surface. 


defined by a solution u, for which the coefficients a, b and c of the second fundamental form depend on 
x, t, Zo,... , Zi, Wi,.. . , w m , v\,..., v n , where 1 < l < oo, 1 < m < oo and 1 < n < oo are finite, but otherwise 
arbitrary, if, and only if, 


(i) y = 0 and a, b and c depend only on x and are given by 

a = ±\/L{x), b=—(3e ±2vx , 


c = a -F —, 
V 


(131) 


where L(x) = ae ±2r,x — /3 2 e ±4r?x — 1, with rj, a, /3 £ R, p 0, a > 0 and a 2 > 4/3 2 . The coefficients a, b, c 
are defined on a strip of R where 


<T- y/a 2 -4/3 2 /cr + vV- 4/3 2 

l °9\l -- < ±f )x < log\ ---. 


(132) 


2/3 2 ' a V 2/3 2 

Moreover, the constants /3 and a have to be chosen so that the strip intersects the domain of the solution of 


(30). 


or 


(ii) y 0 and a, b and c depend only on x and are given by 

a = ^[i/iVA - hi 2 - 1 )b + fe ±2vx ], 

c = ^[±,VA + (^l)6-/3e ±2 n 

_ [{y 2 - 1)6 - /3e ±2r,x } 2 - 4y 2 (l - b 2 ) 


(133) 


> 0 


where b satisfies the ordinary differential equation 

[/i(l + y 2 )V A ± {y 2 + T) 2 b t (/ u 2 - 1 )pe ±2r > x }b' 

+277 {[+/r(l + y 2 )y/A — ft(y 2 - 1 )e ±2r > x ]b + f3 2 e ±ir > x } = 0 


(134) 


Proof. Since 77 = 771 7 ^ 0 we only have /21 7 ^ 0, on a open set. From Lemma [372] the equations (12), (13) and 


(14) form an inconsistent system. From Lemma 3.3 


local isometric immersion are universal, and hence (13) and (14) become 


the coefficients of the second fundamental form of such 


flint + f 2 ibt — fi 2 d x — / 22 U ^ 26 A 13 + (a — c)A 23 — 0 , 
fubt + f 2 iCt — / 12 U — / 22 CX + (a — c)Ai 3 + 2 &A 23 = 0 , 


(135) 

(136) 


where A 13 = +77 yifj and A 23 = 0). Hence, since fij are given by (31), differentiating (135) and (136) 

with respect to Z 2 we obtain 


a t = y c t , 
b t = —yc t . 


(137) 

(138) 
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Replacing (137) and (138) back into (135) and (136) we get 


- / 7771/1 + /r 2 c t + [~a x - iib x ± ri(2fib + a - c )]0 = 0 , 

771/1 + A j2 ct + [- b x - fic x ± 77(26 -7 'M + fj.c)\ijj = 0. 

Isolating 771/1 + /r 2 c t in (140) and replacing it into (139), we obtain 

/i[— b x — fic x ± 77(26 — fia + nc)\ + [— a x — fib x ± 77 ( 2/16 + a — c)] = 0 . 


(139) 

(140) 


(141) 


Differentiating (141) with respect to t and using |l37l ) and ( |138[ ), we get q=? 7 (l + /i 2 ) 2 c t = 0 and, thus, c t = 0. 
By (137) and (138), a t = b t = 0. Hence, a, b and c are functions depending only on x. Therefore, it follows 
from (139) and (140) that 


— a x — pLb x ± 77 ( 2/16 + a — c) = 0 , 
b x - /i c x ± 77(26 - /ia + /ic) = 0 , 


(142) 

(143) 


where (141) is now identically satisfied. From ( |142 ) we have c in terms of a, 6 , a x and b x , which replaced 
into (143) leads to 


lia x = ± 77(1 + /i 2 )6 - f-i 2 b x ± /3r)e ±2r,x , 


(144) 


where /3 is a constant. 


If /i = 0, then from (144) and (142), we have 


6 = —/3e ±2r>x e c = a =F —. 

1 


(145) 


Substituting (145) in the Gauss equation (12), we obtain a = ±\/L(x) where L(x) = ae ±2r,x — (3 2 e ±4rlx — 1, 
with ct, /3 £ K, cr > 0 and a 2 > 4j3 2 . This a together with (145) give us (131), where a is defined on the strip 
described by (132). 


If fi / 0 then (144) gives us a x , which replaced into (142) implies that 

,2 


c = a + 4>{ x), (j){x) = —-- 6 (x) — — e ±2rlx . 


(146) 


Substituting the latter into the Gauss equation we obtain a 2 + a</)(x) — b 2 = — 1, which resolved as a second 
degree equation in terms of a leads to 

a = -c^(x)±V A A = cj)(x) 2 - 4[i - 6(x) 2 ] >• 0. 

Hence, using (146) we also have c in terms of 6 = b(x) as in ( |133[ ), which replaced into (1441 gives us 

[(1 + /i 2 )VA ± (/r 2 - 1)0 ± 4/^6]6' =f 277(1 + /7 2 )6i/A - 2?7/3e ±2r?a; 0 = 0. (147) 

Observe that, if the coefficient of 6 ' in ( jl47| ) vanishes, we have 

(1 + /7 2 )VA ± (/i 2 — l)</> ± 4/r6 = 0, 

T2?7(l + /i 2 )6i/A - 2rj/3e ±2rix (f> = 0. 

In the latter two equations, replacing (1 + ^ 2 )V A of the first into the second implies that 

0 = =f2?76[=f(/7 2 - 1)0 T 4/r6] - 2770e ±2r?x 0 
= 2?7/r(0 2 + 46 2 ), 
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and then <jr + 46 2 = 0, since gg, ^ 0. However, cjr + 4 b 2 = 0 if, and only if, 0 = 6 = 0 which implies by (144 ) 


that a = c. But, a = c and b = 0 contradict the Gauss equation (12). Therefore, the coefficient of b' in the 


equation (147) does not vanish in a non-empty open set. That means we can write b' = g(x , b), where g is a 


differentiable function defined, from (147), by 

. . ± 2 ij (1 + /x 2 )b\/A + 2r)/3e ±2rlx (l) 

g (x,b) = -—-. 

(1 + p 2 )\/A ± (/x 2 — 1 )(/) ± Apb 

Let Xq be an arbitrarily fixed point and consider the following Initial Value Problem (IVP) 

b'=g(x,b), b(x 0 ) = b 0 . 

Since b is a smooth function, we have that g(x , b) and dbg(x, b) are continuous in some open rectangle 

R= {(x,b) : x! <x <x 2 , yi < b < y 2 } 

that contains the point (xo,bo). Then, by the fundamental existence and uniqueness theorem for ordinary 
differential equation the IVP (148) has a unique solution in some closed interval I = [bo — e,6o + e], where 
e is a positive number. Moreover, X\ and x 2 has to be chosen so that the strip X\ < x < x 2 intersects the 


(148) 


domain of the solution of (30). Observe that replacing <f> into (147) we obtain (134). This concludes (ii). 
The converse follows from a straightforward computation. 


□ 


Proposition 3.6. Consider an equation of type (19) describing pseudo spherical surfaces, under the condition 
(20), belonging to the class of equations given by Theorem 2.3 There is no local isometric immersion in R 3 


of a pseudo spherical surface determined by a solution u of the equation, for which the coefficients of the 
second fundamental form depend on x, t, Zo, ■ • •, zi, w \,..., w m , v\,..., v n , where 1 < l < oo, 1 < m < oo and 
1 < n < oo are finite, but otherwise arbitrary. 


Proof. Since g 0 we have f 2 i / 0, on a open set. If c+ (/n//2i) 2 a + 2/n6// 2 i = 0 then from Lemma 3.2 
the equations (12), (13) and (14) form an inconsistent system. Therefore, c+ (/n// 2 i) 2 a + 2fub/f 2 i ^ 0 


and, from Lemma |3. 3 


universal, and hence (13) and (141 become 


the coefficients of the second fundamental form of such local isometric immersion are 


fll^t + /2lA — /l2«x — /22^x — 26A 13 + (a — c)A 2 3 — 0 , 
fnbt + /2iCt — fi2b x — fxic x + (a — c)Ai3 4- 26A 23 = 0, 


(149) 

(150) 


where A 13 = A(mi/i — rf)z\ and A 23 = —Awi^i. Hence, since fy are given by (33), it follows from (149) and 


(150) that, respectively, 


[at + + A(a x + p,b x )z 0 ]h + A [m 2 (a x + ph x ) - - g)b - mi (a - c)]zi + g{b t + Xz 0 b x ) = 0, (151) 


[b t + net + A (b x + iic x )z 0 ]h + A [m 2 (b x + pc x ) + (mm - g)(a - c) - 2m 1 6]z 1 + g(c t + A z 0 c x ) = 0. (152) 


Differentiating (151) and (152) with respect to z 2 , since h' 0, we have 


a t + fJ.b t + A (a x + yb x )z 0 = 0, 
b t + iac t + A (b x + hc x )zq = 0. 


(153) 

(154) 


Differentiating (153) and (1541 with respect to zq, since A 0, and replacing the result back into (153) and 


(154) leads to 


a t + pb t =0, a x + pb x = 0, 
b t + net =0, b x + pc x = 0. 


(155) 

(156) 
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Substituting (1551 and (156) into (151) and (152) and taking the z\ derivative of the remaining expression 
we get 


— 2 (mi/x — rf)b — mffa — c) = 0 , 
(mi/j, — rf){a — c) — 2 mi 6 = 0 . 


(157) 

(158) 


Since the Gauss equation (12) needs to be satisfied we have (a — c) 2 + b 2 0. Hence, from (1571 and (158) 
we obtain (mi/i — r]) 2 + m 2 = 0, i.e., m i = rj = 0, which gives a contradiction since rj 0. 


□ 


Proposition 3.7. Consider an equation of type (19) describing pseudospherical surfaces, under the condition 
(20), given by the Theorem 2.4. There exists a local isometric immersion in R 3 of a pseudospherical surface, 
defined by a solution u, for which the coefficients a, b and c of the second fundamental form depend on 
x, t, Zo ,..., Zi, w i, • • ■, w m , v\,..., v n , where 1 < l < oo, 1 < m < oo and 1 < n < oo are finite, but otherwise 
arbitrary, if, and only if, 


(i) /i = mi = 0 , m 2 7 ^ 0 and a, b and c depend only on t and are given by 


= ±^L{t), b = pe ±2m2t , c = aT 


at 

m 2 ’ 


(159) 


where L{t) = ae ±2ni2t — / d 2 e ±4m2 * — 1 , with a, /3 £ R, a > 0 and a 2 > 4/3 2 . The coefficients a, b, c are 
defined on a trip o/R where 


log\ 


(7 — \Ja 2 — 4/3 2 


2 


< ±?n 2 f < log\ 


' cr + \J<J 2 — 4/3 2 


2/3 2 


(160) 


Moreover, the constants /3 and a have to be chosen so that the strip intersects the domain of the solution of 

©. 

or 

(ii ) /a = 0, mi 0, A 2 + m 2 0 and a, b and c are functions of mix + m 2 f and given by 

a = ± \JL{miX + m 2 f), b =—fSe ±2( ' miX+m2t \ c = a =F a', (161) 

where L(mix + m 2 f) = ae ±2 ( m ^ x +m 2 t) _ ^ 2 e ±4(m 1 x+m 2 t) __ w ^ p g R, a > 0 and a 2 > 4(3 2 . The 
coefficients a, b, c are defined on a trip of R where 


log\ 


I cr — sja 2 — 4/3 2 


< ±(mix + m 2 f) < log\ 


I cr + \Za 2 — 4/3 2 


(162) 


v 2/3 2 v " V 2/3 2 

Moreover, the constants /3 and a have to be chosen so that the strip intersects the domain of the solution of 

(34b- 


(■ Hi ) [i 0, (Ami ) 2 + m 2 0 and a, b and c are differentiable functions of mix + m 2 t and given by 

a = -!-[±/i\/A- (/i 2 - l)b +/3e ±2{miX+m2t) ], 

Zi/Jj 


c = 


1 

2 g, 


[±liV A + (m 2 - 1)6 - ^e ±2(m i x+m2 *)], 


(163) 


A _ [(/r 2 -l)6-/3e ±2 ( m i a:+m2t )] 2 -4/x 2 (l-6 2 ) 
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where b satisfies the ordinary differential equation 


fi{l + /i 2 ) VA ± (fi 2 + 1 ) 2 b t (M 2 - 1 )p e ±2 ^ x+m2t) ]b' 

+2[TA»(1 + V 2 )VA - fi^ 2 - l) e ±Hmix+m 2 t^ b + 2j3 2 e ±i(m lX +m 2 t) = Q 


( 164 ) 


Proof. If /21 = 0 then yt = m\ = 0 and m 2 fi 0. From Lemma [3T4| th e coefficients of the second fundamental 
form of such local isometric immersion are universal, and hence ( |13| and ( 14 1 become 

[a t + Xa x Zo T m 2 (a - c)]h - a x if> - m 2 b x = 0, [b t + Xb x z 0 =F 2 m 2 b]h - b x if - m 2 c x = 0. (165) 


Differentiating (165) with respect to z 2 , since ft' / 0 on a open set, we obtain 

a t + Xa x ZQ =F m 2 (a — c) = 0 , b t + Xb x Zo =F 2m 2 b = 0 . 


Differentiating (166) with respect to zq and replacing the result back into (166), we get 
Xa x = X b x =0, at -F m 2 {a — c) = 0, b t =F 2m 2 b = 0. 


Substituting (167) into (165) we finally have 

a x ip + m 2 b x = 0 , b x if> + m 2 c x = 0 . 


(166) 


(167) 


(168) 


Taking the derivative of the Gauss equation (12) with respect to x leads to a x c + ac x — 2 bb x = 0. Replacing 


(168) in the latter, we have 


m 2 


if 

a + 2 — b 
m 2 


= 0 . 


(169) 


If a x 7 ^ 0 then differentiating the first equation in (168) with respect to Zq and Z\ gives us '0 i2o = ip }Zl = 0 
and, thus, if = am 2l where a denotes a arbitrary constant. From (169) we can see that if 0, since 0, 
and 


b = ±1 — 1 


c = a 2 a =F 2a. 


(170) 


Substituting (170) into (167) leads to 

at T m 2 (a — a 2 a ± 2a) = 0, —aat =F 2 to 2(±1 — aa ) = 0. 

In the above equations, adding the second to the first multiplied by a leads to a = ±2/a, which replaced in 
the first equation gives us m 2 = 0 and, thus, a contradiction since m 2 7 ^ 0 . 


Therefore, a x = 0 and by (168) we have b x = c x = 0. Thus, a, b and c depend only on t. It follows from 


(167) that 




b = fie 


a t 

c = a -F —, 
m 2 


(171) 


where fi is a constant. Replacing (171) into the Gauss equation leads to a = ± \JL(t) where L(t) = ae ±2m2t — 
^ 2 g ± 4 m 2 t — o- > 0 is a constant and a 2 > 4/3 2 . This a together with (171) gives (159), where a is defined 


on the trip described by (160). Observe that if and A are still arbitrary. This concludes (i). 

Suppose /21 fi 0 on a non-empty open set. If c + (/n// 2 i) 2 a + 2fub/f 2 \ = 0 then from Lemma 3.2 the 
equations (12), (13) and (14) form an inconsistent system. Therefore, we have c+ (fn/f 2 i) 2 a + 2fnb/fi 2 i fi 0 
and, from Lemma 3.3 the coefficients of the second fundamental form of such local isometric immersion are 


universal, and hence (13) and (141 become 


fna t + f 2 ibt — /i 2 «x — / 22 &X ^ 26 A 13 + (a — c)A 23 — 0 , 
fnbt + /2iCt — fi 2 b x — f 22 c x + (a — c)Ai3 + 2 bA 2 3 = 0 , 


(172) 

(173) 
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where A13 = ±fj,(\miZo + m 2 )h =F ^mi 4 > and A 2 3 = =F(m 2 + \miZo)h ± mil)}. Hence, since fij are given by 
(35), it follows from (172) and ( |173[ ) that, respectively, 

[at + /r bt + A (a x + nb x )zo =F (a + 2fib — c)(Ami^o + m 2 )]h — [ a x + n b x =pmi(a + 2fib — c)]ip 

+V 1 + M 2 (wi b t - m. 2 b x ) = 0, (174) 


[b t + fiCt + A (b x + fic x )zo ± (p,a — 2b — /j,c)(Atoi 2 o + m 2 )]h — [b x + /j,c x ± — 2b — ^c)\ip 

+\/l + n 2 (mic t - m 2 c x ) = 0. (175) 


Differentiating (174) and (175) with respect to z 2 leads, since h' ^ 0 on a open set, to 


a t + nb t + A {a x + fib x )z 0 =F (a + 2 ^b — c)(Ami-z 0 + m 2 ) = 0, 
b t + iic t + A (b x + nc x )z 0 ± (na —2b — nc){\miz 0 + m 2 ) = 0. 


(176) 

(177) 


Differentiating (176) and (177) with respect to zq and replacing the result back into the latter two equations 
we get 


and 


a t + nb t =F m 2 {a + 2/ib — c) = 0, b t + fJ.c t ± m 2 (/id — 2b — fie) = 0, 


(178) 


A[a x + /. ib x =F TOi(a + 2/it> — c)] = 0, A [b x + fxc x ± — 2b — /re)] = 0 


Finally, substituting (178) and (179) back into (174) and (175), we obtain 


- [ a x + fib x =F mi (a + 2^b - c)]ijj + y/\ + fj, 2 (mib t - m 2 b x ) = 0, 
~[b x + [ic x ± -2b- iic)\ip + \J\ + H 2 {mic t - m 2 c x ) = 0 . 


(179) 


(180) 

(181) 


Multiplying the first equation in (178) by m 2 and adding the result to the first equation in (179) multiplies 
by Ami leads to 


a + 2Lib - c = ±—[m 2 (a t + f.ib t ) + X 2 mi{a x + nb x )\, 


(182) 


and the same operation with the second equation of (178) and (179) leads to 

fia - 2b - fie = T jj[m 2 (b t +/rc t ) + A 2 m 1 (b x + nc x )\, 


(183) 


where M = (A?ni) 2 + m 2 is a nonzero constant. Replacing (182) and ( |183 ) into (180) and (181), we obtain 

m 2 4>(mia t - m 2 a x ) + (^m 2 ^> + My/l+/j?)(rn 1 b t - m 2 b x ) = 0, (184) 

m 2 i/j(mibt - m 2 b x ) + (/ j,m 2 ip + MyJ 1 + /x 2 )(m 1 c t - m 2 c x ) = 0. (185) 


Differentiating the Gauss equation (12) with respect to t and multiplying the result by mi and doing the 
same thing with x and m 2 , we get 


miat.c + miact — 2mibb t = 0, 
m 2 a x c + m 2 ac x — 2 m 2 bb x = 0. 


From the two latter equations we obtain 


(midt — m 2 a x )c + (niiCt — m 2 c x )a — 2b(mibt — m 2 b x ) = 0. 


(186) 
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Suppose to 2 0 7 ^ 0. Replacing (184) and (185) in (186) leads to 


(miCt - m 2 Cx)\a + Q 2 c + 2Qb] = 0, Q = 


+ M yjl + 
m 2 ip 


If toiCj — m 2 c x 0 0, then ip is a constant and, by (187) and the Gauss equation, we have 

a = Q 2 c =f 2 Q, 6 = ±1 - Qc. 


( 187 ) 


(188) 


Since o / 0 we have Q/0. Substituting (188) into (178), we get 

(Q - n)Qc t T m 2 [Q 2 c=F 2Q - c + 2/x(±l - Qc)] =0, —{Q - n)c t ± m 2 [/x(Q 2 c=F 2Q - c) - 2(±1 - Qc)] = 0. 

In the latter equations, adding the second multiplied by Q to the first gives us c = constant , which implies 
from (188) that a and 6 are constants. But, a, b and c constants imply from (178) that a — c = 0 and 6 = 0, 
which contradicts the Gauss equation (12). Therefore miC t — m 2 c x = 0 and, thus, from (184) and (185) we 
have m\bt — m 2 b x = 0 and mia* — m 2 a x = 0. 


On the other hand, if m 2 ip = 0 then from (184) and (185) we have m\bt — m 2 b x = 0 and m\Ct — m 2 c x = 0, 
which replaced into (186) since c 0 0 leads to m\at — m 2 a x = 0. 

Therefore, for arbitrary m 2 ip we have shown that 

a = (j)i{m\x + m 2 t) : b = cp 2 (mix + m 2 f), c = 03 (toiX + m 2 t), (189) 

where 0$, i = 1,2,3, are real and differentiable functions and, by Lemma |3.1| 0!0 3 / 0 on a open set. 


(190) 

(191) 


Replacing (189) into (178) and (179) and observing that (Ami ) 2 + 7 ^ 0, we obtain 

01 + M02 T (01 + 2^02 - 03) = 0, 

02 + M03 ± (M01 - 20 2 - /X0 3 ) = 0. 


From (190) we obtain 03 in terms of 0i, 0' 1; 0 2 and 02 , which replaced into (191) implies that 

M = ±(1 + M 2 )02 - M 2 02 ± ^e ±2 ( mi3:+m2t ). 


(192) 


If n = 0, then from ( 192| ) and ( 190| ) we have 6 = —/3e ±2 ( mi3;+rn ' 2t ) anc [ c = aya'. Using the latter and Gauss 
equation leads to (161), where a is defined on the trip described by (162). Observe that A and ip are still 
arbitrary. This concludes (ii). 

ten from (192) \ 

03 = 0i + 4>{miX + m 2 t), (p(mix + m 2 t) = 


If fj, 0 0, then from (192) we have <p \. which replaced into (190) implies that 

m 2 -i 




_ 0 p ±2(mix+m 2 t) 


-02-e 


(193) 


Substituting the latter into the Gauss equation we obtain (p\ + <pi<p(mix + m 2 t) — 0| = —1, which resolved 
as a second degree equation in terms of <p\ leads to 


91 = 


—<p(mix + m 2 t) ± \/A 


A = (p(m\X + m 2 t ) 2 — 4[1 — (p 2 {m\x + m 2 t) 2 ] > 0. 


Hence, using (193) we also have 0 3 in terms of 0 2 = 0 2 (miX + m 2 t) as in (163), which replaced into (192) 
gives us 


[(1 + m 2 )VA ± {n 2 - 1)0 ± 4/i6]6' =F 2(1 + /i 2 )6VA - 2 /3 e ±2(mi:r+m2t) 0 = 0. 
Observe that, if the coefficient of b' in ( |194[ ) vanishes, we have 

(1 + A ± (/r 2 — 1)0 ± 4/z6 = 0, 

=p2(l + fi 2 )bVA - 2/3e ±2 ( miX+7 " 2t )0 = 0. 


( 194 ) 
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In the latter two equations, replacing (1 ± ti 2 )V A of the first into the second implies that 

0 = =F26[=F(M 2 -l)</>T4At&]-2/Ie ±2(miX+m2t) ^ 

= 2 f[(fi 2 - 1)6 - /3e ±2(miX+TO2t) ] + 8/x6 2 
= 2 (j)H(j) + 8 fib 2 

= 2 ^ + 4 6 2 ), 


and then (j) 2 + 46 2 = 0, since /i ^ 0. However, (f 2 ± 46 2 = 0 if, and only if, 0 = 6 = 0 which implies by (144) 


that a = c. But, a = c and 6 = 0 contradict the Gauss equation (12). Therefore, the coefficient of b' in the 


equation (194) does not vanish in a non-empty open set. That means we can write b' = g(x, 6 ), where g is a 
differentiable function defined, from (194), by 


g( x i 6 ) = 


± 277(1 + /z 2 )6-\/A ± 2r]f3e ±2r,x (j) 


(1 + /x 2 )\/A ± (p, 2 — 1)4> ± 4pb 
Let Xq be an arbitrarily fixed point and consider the following Initial Value Problem (IVP) 

b' = g{x, 6 ), b{x 0 ) = b 0 - (195) 

Since 6 is a smooth function, we have that g(x, 6 ) and dbg(x, 6 ) are continuous in some open rectangle 

R = {( 2 ,6) : xi < x < x 2 , yi < b < y 2 } 

that contains the point (cco, 6 o). Then, by the fundamental existence and uniqueness theorem for ordinary 


differential equation the IVP (195) has a unique solution in some closed interval / = [60 — e, 60 ± e], where 
e is a positive number. Moreover, x\ and x 2 has to be chosen so that the strip X\ < x < x 2 intersects the 


domain of the solution of (34). Observe that replacing <f> into (194) we obtain (164). This concludes (in). 
The converse follows from a straightforward computation. 


□ 


Proposition 3.8. Consider an equation of type ( 19 1 describing pseudo spherical surfaces, under the condition 
(20), given by Theorem 2.5-(i). There is no local isometric immersion in R 3 of a pseudospherical surface 


determined by a solution u of the equation, for which the coefficients of the second fundamental form depend 
on x, t, Zo,. ■., zi, wi,.. ., w m , Vi,... , v n , where 1 < l < 00, 1 < m < 00 and 1 < n < 00 are finite, but 
otherwise arbitrary. 

Proof. Since rj/Owe can not have f 2 1 = 0 on a open set. The refore f 2 1 /Oona open set. 

If c + (/n// 2 i) 2 a + 2/ n 6// 2 i = 0 then from Lemma 
inconsistent system. Hence, we have c ± (/n// 2 i) 2 a + 2fub/f 2 ± ^ 0 and, from Lemma 


the equations (12 1 , (13) and (141 form an 


3.3 


the coefficients 


of the second fundamental form of such local isometric immersion are universal, and hence (131 and (14) 
become 


f na t + f 2 ibt — /i 2 «x — / 226 a: — 26 A 13 + (a — c)A 2 3 — 0, (196) 

fubt + f 2 iCt ~ fi 2 b x — f 22 Cx ± (a — c)A 13 ± 26A 2 3 = 0, (197) 

where 


Ai 3 = [l* (m - (±</>i 2 + ripe ±TZl fu), A 23 = - (m - (t 4 > 12 ± T<pe ±TZl f 1± ), (198) 

with fi 2 = [±r(azQ + b)ip + az\ip']e ±TZl =p Xazi/r. It follows from ( |196 ) and ( |197 ) that, respectively, 

[a t + /r6 t + A (a x + yb x )zo\fn — ( a x + pb x )(j)i 2 + rjb t + t](Xzq ± re ±T ^ 1 (/j)6 a , — 26A 13 + (a — c)A 2 3 = 0, (199) 


[b t + pc t ± X(b x + iic x )z 0 \fn - ( 6 X + g.c x )(j>i 2 + r/c t + r](Xz 0 =F re ±TZl ip)c x + (a - c)A i3 + 26A 23 = 0. (200) 
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Differentiating (199) and (200) with respect to z 2 and using (198), since fn lZ2 ^ 0, we get 


at + i-ibt + A (a x + pb x )zo — s 26 


br\ tt] 

H[m -- 

a a 


+ (a — c) ( m — — 
a 


T(pe 


±rzi _ 


= o, 


( 201 ) 


bt + £i c t + A (b x + pc x )z 0 + < (a - c) 


br 


/i TO 


TT] 

a 


- 2b 


br 


rtpe 


±TZi 


= 0. 


Differentiating (201) and (202|) with respect to z\ and observing that rip 7 ^ 0, we have 


2b [fi ( to . - t ) - ?] + (° “ c ) ( to -%)= 0 ’ 
-2b (to -%)+(a-c) [p (to - v) - = 0- 


Since 6 2 + (a — c ) 2 7 ^ 0, it follows from (|203[) that 


br 


p m 


tt? 

a 


+ I to — 


&r 


= 0, 


which implies A i3 = A 23 = 0 and, thus, contradicts (16). 


( 202 ) 


(203) 


□ 


Proposition 3.9. Consider an equation of type (19) describing pseudospherical surfaces, under the condition 


(20), given by Theorem 2.5 -(ii). There is no local isometric immersion in R 3 of a pseudospherical surface 
determined by a solution u of the equation, for which the coefficients of the second fundamental form depend 
on x, t, Zo, ■ ■ ■ , zi, W \,..., w m , V\, ..., v n , where 1 < l < 00, 1 < to < 00 and 1 < n < 00 are finite, but 
otherwise arbitrary. 


Proof. Suppose /21 7 ^ 0 on a open set. If c+ (/ 11 // 2 i) 2 a + 2/n6/ /21 = 0 then from Lemma 3.2 the equations 
(12), (13) and (14) form an inconsistent system. Hence, we have c+ {fii/f 21 ) 2 a + 2fnb/f 2 i 7 ^ 0 and, from 
Lemma 3.3 the coefficients of the second fundamental form of such local isometric immersion are universal, 


and hence (13) and (141 become 


fna t + f 2 \bt — fi 2 i x — / 22 &X ^ 26Ai 3 + (a — c)A 2 3 — 0, 
fnh + / 2 iCt — fi 2 b x — / 22 CX + (a — c)A 13 + 26A 23 = 0, 


where by (25) we have 


^13 — (032 T \/l + T 2 (t>i2)fn T q ^/“^ 2 !< ^ 12 ’ 

A 23 = (p<t>32 T \/l + H 2 4>22)fll + f?032 T ^^“^2 022' 


Differentiating (204) and (205) with respect to z 2 , we obtain since fn,z 2 7 ^ 0, respectively, 


a t + pb t + A (a x + pb x )z 0 - 2&(0 32 =F V 1 + M 2 0i2) + (a - c)(//0 32 =F \A + M 2 022) = 0, 
b t + pc t + A (b x + nc x )z 0 + (a - c)(0 32 =F \A + M 2 0 i 2 ) + 2 b(p<t> 32 T V 1 + M 2 022 ) = 0. 


(204) 

(205) 


(206) 


(207) 

(208) 


Differentiating (207) and (208) with respect to z\, since b 2 + (a — c ) 2 7 ^ 0, we conclude that 


(032 =F \A +M 2 012),zi = (M032 T \A + M 2 022), 2 i = 0 

if, and only if, mide Sz ° — A = 0, i.e., if and only if A = m.i = 0, which implies A 12 = 0 and, thus, a 
contradiction. 


31 

















































On the other hand, if /21 = 0, on a open set, then we have fj, = p = 0. It follows from Lemma [3.4| that 
the coefficients of the second fundamental form of such local isometric immersion are universal, and hence 


(13) and (141 become 


fll^t ~ fl2<lx ~ f22^x ~ 26A 13 + (a — c)A 23 — 0 , 
fnbt — fi2b x — /22QC + (a — c)Ai3 + 2&A23 = 0 , 


(209) 

( 210 ) 


where by (25) we have A 13 = (0 32 =F 0 i 2 )/n T ^^ 12 /a and A 23 = T 022 /n T $0 22 /a- Differentiating (209) 
and ( 210 ) with respect to 22 , since /n , Z2 7 ^ 0 , we have, respectively, 


a t + Xa x z 0 - 26(032 T 012) T {a - c) 0 2 2 = 0 , (211) 

W + Xb x Zg + (a — c)(032 T 012 ) T 26022 = 0 , (212) 


where 0 32 =F 0 12 = ±{mi 9 e ez ° — A)/a and 022 = =f(to ide 9z ° — A)^i. Differentiating (211) and (212) with 
respect to 21, since mi 9 e 6z ° — A 7^ 0, we have 6 = a — c = 0, which contradicts the Gauss equation. 

□ 


Finally, the proof of Theorem 1 1.11 follows from Propositions 3.5|3.9 


□ 
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